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Abstract. We consider the population of critical points generated from the trivial critical 
point of the master function with no variables and associated with the trivial representation 
of the affine Lie algebra sIn- We show that the critical points of this population define 
rational solutions of the equations of the mKdV hierarchy associated with sIat. 

We also construct critical points from suitable iV-tuples of tau-functions. The construc- 
tion is based on a Wronskian identity for tau-functions. In particular, we construct critical 
points from suitable A-tuples of Schur polynomials and prove a Wronskian identity for Schur 
polynomials. 

1. Introduction 

1.1. Master functions. Let q be a Kac- Moody algebra with invariant scalar product ( , ), 
P) C g the Cartan subalgebra, oti, . . . , otjv simple roots, Ai, . . . , A n dominant integral weights, 
ki, . . . , k N nonnegative integers, k :— k± H — • + k N . 

Consider C n with coordinates z = (zi, . . . , z n ). Consider C k with coordinates u collected 
into N groups, the j-th group consists of kj variables, 



u =(««..., u (JV) ), u^ = (u?,...,u ( £). 
The master function is a multivalued function on C fc x C™, 

z) = ^(Aa, Aft) log(^ a - Zb) ~ ^(Oj, A a ) hg(u? - Z a ) + 
a<b a,i,j 

+ E E(°i» a i') l °s( u i ] - «?°) + E E(«i' ^) - ^ 

j<j' j i<i' 

with singularities at the places where the arguments of the logarithms are equal to zero. A 
point in C k x C n can be interpreted as a collection of particles in C: z a , uf \ A particle z a has 
weight A , a particle uf has weight —cxj. The particles interact pairwise. The interaction 
of two particles is proportional to the scalar product of the weights. The master function is 
the "total energy" of the collection of particles. 

Notice that all scalar products are integers. So the master function is the logarithm of a 
rational function. From a "physical" point of view, all interactions are integer multiples of 
a certain unit of measurement. This is important for what will follow. 

The variables u are the true variables, variables z are parameters. We will think that the 
positions of z particles are fixed and u particles can move. 
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There are "global" characteristics of this situation, 



I(z,k) = / e* (u ' 2)/ M(w, z)du, 



where A(u, z) is a suitable measuring function, k a parameter, and there are "local" charac- 
teristics - critical points of the master function with respect to u variables, 



A critical point is an equilibrium position of u particles for fixed positions of z particles. 

Examples of master functions associated with g = sl 2 were considered by Stieltjes and 
Heine in 19th century, see for example [Si]. Master functions we introduced in [SV] to 
construct integral representations for solutions of the KZ equations, see also [Vlt IV2] . 

1.2. KZ equations and Gaudin model. Consider the tensor product L = £3>™ =1 LA a of 
irreducible highest weight representations of q with highest weights Ai,...,A n . The KZ 
equations for an L- valued function I(zi, . . . , z n ) is a system of differential equations of the 
form 



where k is a parameter of the equation and H a are some linear operators on L defined in 
terms of the g-action and called Gaudin Hamiltonians. The KZ equations were introduced 
in CFT, see [KZ]. 

In |SV] the KZ equations were identified with a suitable Gauss-Manin connection and 
solved in multidimensional hypergeometric integrals. 

More precisely, choose nonnegative integers k\, . . . ,k^, consider the associated master 
function z). There is a rational L-valued function Ak u .. .,k N (u, z), called the weight 
function, such that 



is a solution of the KZ equation. Here 7 is an element of a suitable homology group. Different 
7 give different solutions of the KZ equations. 

The KZ equations define a flat connection for any k. In particular, the Gaudin Hamilto- 
nians commute, [H a (z), H b (z)] = 0. 

The KZ equations are closely related to the quantum integrable Gaudin model on L, 
see [Gil IG2] . In the Gaudin model, one considers the commutative subalgebra of End(L) 
generated by the Gaudin Hamiltonians. The subalgebra is called the Bethe algebra. The 
problem is to diagonalize the operators of the subalgebra. 

The integral representations for solutions give a method to diagonalize the Gaudin Hamil- 
tonians. The method is called the Bethe ansatz. Let (u°, z) be a critical point of the master 
function with respect to u, then the vector Ak lt ... t k N (u°, z) is an eigenvector of the Gaudin 
Hamiltonians, 



d u §(u, z) = 0. 



= H a (z)I, 



a — 1, ... ,n, 




7 



H a (z)A kl ,..., kN ( u i z ) 



9$ 

dz a 



(u , z)A hlr .„ kl r(u ,z) 



a = 1, . . . , n, 
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with eigenvalues described by the master function, see [BF|, IRV[ IV3j . The natural (Shapo- 
valov) norm of the Bethe vector is given by the Hessian of the master function at the critical 
point, 

S{A kl ^ >kN (u°,z), A ku ^ kN (u°,z)) = Ress u $(u°,z), 
see pV3llV3llV4] . 

In a reasonable way one can identify the algebra of functions on the critical set with the 
Bethe algebra, generated by the Gaudin Hamiltonians, see |MTV1[ IMTV2] . 

The situation is analogous to the situation in quantum cohomology and classical mirror 
symmetry in Givental's spirit. There one has the quantum differential equation depending 
on a parameter k, which is a flat connection for every value of k. As k — > the asymptotics of 
the quantum differential equation are described by idempotents of the quantum cohomology 
algebra. The solutions of the quantum differential equation can be represented by oscillatory 
integrals. In a reasonable way the quantum cohomology algebra can be identified with the 
algebra of functions on the critical set of the phase function of the oscillatory integral. 

1.3. Generation of new critical points. Having a critical point (u, z) of a master function 
one can generate new critical points by changing u and not changing z. 

Consider the master function $ associated with g, A 1; . . . , A„, hi, ... , k^. Assume that 
(u, z) is a critical point of $ with respect to u variables, u = (u^ 1 *, . . . , u^ N '), u^' = 

(«?V -,<), ./ 1 V. 

Theorem 1.1 ( [ScVl [MVlj ). Choose any one group vP> of these numbers (particles). Then 
there exists a unique algebraic one-parameter deformation P 1 , of that group, such 

that (u^\ . . . , u^(c), . . . , u^ N \ z) is a critical point. For exactly one value c G P 1 , the number 
of particles in the group u^\c) drops. For that c some particles of the group disappear at 
infinity. 

All points of this one-parameter family but one are critical points of the same master 
function, and the one with the smaller number of particles is a critical point of the master 
function with a smaller number of variables. 

This theorem gives us a way to generate critical points. Starting with a critical point 
we can generate N one-parameter families of critical points. Then we may apply the same 
procedure to each of the obtained critical points and so on. The set of all critical points 
obtained from a given one is called the population of critical points |MVlj . 

Question: What does a population look like? 

Theorem 1.2. If q is a simple Lie algebra, then every population is isomorphic to the flag 
variety of the Langlands dual Lie algebra q l . 

This theorem was proved in [MV1] for the Lie algebras of type A, B, C and extended to 
other simple Lie algebras in [MV2t IF] . 

For example, for q = each critical point generates a projective line P 1 of critical points. 
For q = SI3 each population is isomorphic to the variety J-"(C 3 ) of complete flags in C 3 . The 
steps of the generation procedure correspond to the building of J-"(C 3 ) from Schubert cells 
labeled by elements of the symmetric group S3. We start with the zero- dimensional cell 
corresponding to the initial critical point. Then we add two one-dimensional cells C Sl , C S2 . 
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Then add two two-dimensional cells C SlS2 , C S2S17 and finally add one three-dimensional cell 
n — a 

Question: What is the number of populations originated from critical points of a given 
master function? 

Here is an informal answer: The number of populations originated from critical points of 
the function $( • , z), associated with A 1; . . . , A n , k%, . . . , k^, does not depend on z and equals 
the multiplicity of the representation in ®" =1 -^A a ; where is the highest weight in 
the orbit of the weight Y^a=i ^ a ~ ^j=i kj a j under the shifted action of the Weyl group. 

A precise statement for g = st^ can be found in [MVlj . |MTV3j . For other simple Lie 
algebras a proof of this statement is not written yet. This statement on the number of 
populations can be considered as a relation between linear algebra (the multiplicity of a 
representation) and geometry (the number of populations). 

We have observed above that master functions are related to interesting objects and have 
nice properties. Now we will explain how the critical points of master functions are related 
to integrable hierarchies. We expect that these relations are more general than the results 
that are reported in this paper, see the statement in Section 11.61 

1.4. Generation for sIn- In this paper we consider the case q = sIn, n = 0. Then the 
master function does not depend on z and is a function of u — (v 1 ',...,^), i$> = 
(u ( f\...,u^)only, 

N AT-1 

(i.i) *(«) = 2 E - 4°) -EE lo gK (i) - - E lo sK (A ° - 

j=l i<i' j=l 

Given u, introduce an A^-tuple of polynomials of a new variable x, 

kj 

V = (Vi(x),.. .,y N (x)), y ] (x) = JJ(x -uf ] ). 

8=1 

For functions f(x),g(x), denote 

Wx(f,g)=f(x)g'(x)-f(x)g(x) 

the Wronskian determinant. An A^-tuple of polynomials y = (yi(x), . . . , y^f(x)) is called 
generic if each polynomial has no multiple roots and for any i the polynomials yi and yi + \ 
have no common roots. Here yjv+i — Vi- 

Theorem 1.3 ( |MVlj ). A generic N -tuple y represents a critical point if and only if for 
any j — 1, . . . , N, there exists a polynomial yj{x) satisfying 

For j = 1, this is Wr(y 1 ,y 1 ) = y N y 2 and for j = N, this is Wr(y N ,y N ) = y N -iyi- 

Equation (11.21) is a first order inhomogeneous differential equation with respect to yj. Its 
solutions are 

vs = yj / — 2 — dx + c Vh 

J Vj 
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where c is any number. For arbitrary polynomials yj-i,yj + x,yj, the integral will contain 
logarithms. The integral is a rational function if the residues of the ratio are all equal to 
zero. The requirement that the residues are all equal to zero are exactly the critical point 
equations for the master function. 

Theorem 1.4 ( |MVlj ). If a generic N -tuple y represents a critical point, then for almost 
all c G P 1 , the N -tuple (y±, . . . , yj, . . . , y^) represents a critical point. The set of exceptional 
c is finite and consists of all c for which the N -tuple y is not generic. 

We get a one parameter family of critical points parameterized by c 6 P 1 . For exactly one 
value c the degree of the j-th polynomial drops, 

where kj, k 3 - are possible degrees of the j-th polynomial. 

Theorem 11.41 describes the generation procedure of critical points for the master function 
( 11. 1 p . this generation was described in general terms in Theorem 11.11 

Let us choose a starting critical point to generate a population of critical points. Namely, 
let us choose the starting iV-tuple to be 

2/ = (l,-..,l). 

Each of the polynomials of the tuple does not have roots. The tuple represents the 
critical point of the master function with no variables. Choose a sequence of integers J = 
(ji, . . . ,j m ), ja £ {!)•••) N}, and apply to the tuple y® the sequence of generations at the 
indices of J. As a result we will obtain an m-parameter family of iV-tuples of polynomials 

y J (x,c) = (y 1 (x,c),...,y N (x,c)), 

depending on m integration constants c = (ci, . . . , c m ). 

Example. Let JV = 3, J = (1, 2, 3, 1, 2, 3, ...). Then y % = (1, 1, 1) is transformed to 

(x + ci,l,l), 



then to 



then to 



(x + cx) 2 



(x + Ci, h c 2 , 1), 



(x + Cl ) 2 Q + d) 4 Q + cQ 2 
(x + Ci, + c 2 , + c 2 + c 3 ), 

and so on. 

The triple (1, 1, 1) represents the critical point of the master function with no variables. 
The triple (x + ci, 1, 1) represents critical points of the master function of one variable, 

namely, the constant function $ : Ui (->■ 1. All points of the line are critical points. The 

triple (x + ci, ( x+ ^ + c 2 , 1) represents the critical points of the master function 

* = log , (21 



(4 2) -4 2) ) 2 



u^-u\ L '){u\ 
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1.5. Miura opers and mKdV hierarchy. An N x N Miura oper is a differential operator 
of the form 



(1.3) 

where V = diag (fi(x), ...,f N (x)), 



C = ^- + A + V, 

ax 



;i.4) 



A 



/ 
1 
1 



V o o 



A \_ 






0/ 



and A is a parameter of the differential operator. Drinfeld and Sokolov in 1984 in [DSJ 
considered the space of Miura opers and defined on it an infinite sequence of commuting 



flows di 



t r 5 



1,2,... called the mKdV hierarchy of sljv-type. 



More precisely, for a Miura oper C there exists T = 1 + Ti(x)A l . 
diagonal matrices, such that T~ X £T has the form 4- + A + J2 i<0 bi(x)A % 
scalar functions, see jDSj . Then for r £ N, the differential equation 

(1.5) 



where Tj(x) 
where bAx) 



are 
are 



^ = [A (TA r T~ l ) + ] 



is called the r-th mKdV equation. The notation () + has the following meaning: given 
M = ^Yui^diA 1 with diagonal matrices di, then M + = ^2 i>0 diA\ 

Equation (11.51) defines vector fields d tr on the space of Miura opers, the vector fields 
commute. 

1.6. Main result. To every A^-tuple y of polynomials we assign the Miura oper £ with 



V 



Vn 



diag ( log' ( — J , log' ( — ),..., log' 



Vi 



Vn 
Vn-i 



For a sequence J = (j 1; . . . , j m ), we consider the corresponding m-parameter family of critical 
points of the master function, represented by the family of A^-tuples of polynomials y J (x, c). 
Let C J (c) be the corresponding family of Miura opers. 

In this paper we show that this family C J (c) of Miura opers is invariant under every flow 
of the mKdV hierarchy and is point-wise fixed by every flow dt r with r > 2m. 

This statement is proved under the assumption that J is a degree increasing sequence, see 
the definition in Section 13.51 This is a technical assumption which simplifies the exposition. 



Our starting point was the famous paper by Adler and Moser (1978) [AM] where this 
theorem was proved for N = 2. 

1.7. Identities for Schur polynomials. In this paper we describe two proofs of the main 
result. The first proof is straightforward: for any flow of the hierarchy we deform the 
constants of integration of the generation procedure to move the oper in the direction of the 
flow. This proof is similar to the proof in |AM] . The second proof uses tau-functions and, 
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in particular, Schur polynomials. It is based on a Wronskian identity for tau-functions and, 
in particular, for Schur polynomials. 

Schur polynomials F\(ti,t) are labeled by partitions A = (Aq ^ Ai ^ • • ■ ^ A n ^ 0) and 
are polynomials in ti and t = (t2,t 3 , . . .). Let us define polynomials hi(ti, t), i = 0, 1, . . . , by 
the relation exp (— Y^jLi tj z ^) = J2iLo^i z \ and set F\ = det" J=0 (hxi-i+j)- In this paper 
we prove that certain 4-tuples of Schur polynomials satisfy the Wronskian identity 

(1.6) Wr tl (F Al ,F A2 ) = F A aF A 4, 

where Wr 4l denotes the Wronskian determinant with respect to t\. For example, 
W tl (F(2,i),F( )) = F(i)F(i) and Wr tl (F( 4)2j i), ^(2,2,1)) = -^(3,2,2,1)^(2,1) • 
We also prove that for any N, certain iV-tuples of Schur polynomials 

(1.7) y{t u t) = (F x i(t 1 ,t),...,F x „(t 1 ,t)) 

are such that for a fixed generic t, the tuple y(x,t) represents a critical point of the master 
function AI. ip . In other words, we show that for a fixed generic t, the roots of the polynomials 
(F\i (ti, t), . . . , F X N(ti, £)) with respect to t\ satisfy the critical point equations (13. ip . For 
example, for = 3 the triple -F(2,i,i), Fm) is such a triple. 

1.8. Exposition of the material. In Section [2] we remind the construction of the mKdV 
and KdV hierarchies from |DS] . In Section [3] we remind the construction of the generation 
of critical points from [MVTj . In Section 2] we assign a Miura oper to a critical point as in 
|MV2j and discuss properties of this assignment. In Section we formulate and prove one of 
the main results of the paper, Corollary 15.21 Corollary 15.21 says that the family C J of Miura 
opers, associated with the generation of critical points in the direction of a degree increasing 
sequence J, is invariant with respect to all mKdV flows. 

In Section [6] we discuss properties of Schur polynomials. Schur polynomials are labeled 
by partitions. Following |SW] we consider partitions A = (Ao ^ Ai ^ . . . ) and associated 
subsets S = {so < si < . . . } C Z of virtual cardinal zero. Since partitions are in a one-to-one 
correspondence with subsets of virtual cardinal zero, we label Schur polynomials by subsets 
too. Theorem 16.101 gives a Wronskian identity for Schur polynomials associated with four 
suitable subsets Si, S 2 , S3, S4 of virtual cardinal zero: 

Wr tl (F Sl ,Fs 2 ) = Fs 3 F Si , 

see Section 16.31 More general Wronskian identities for Schur polynomials see in Section 16.41 
We fix a natural number N > 1 and introduce KdV subsets S C Z as subsets of virtual 
cardinal zero with the property S+N C S. An example is S® = {0 < 1 < . . . }. We introduce 
mKdV tuples S = (Si, . . . , Sn) as tuples of KdV subsets with the property Sj + 1 C S i+ i for 
all i — 1, . . . , N. An example is S 10 = (S , . . . , S ). We denote S m Kdv the set of all mKdV 
tuples of subsets. For any S = (Si, . . . , Sn) £ S m Kdv and i — 1, . . . , N we define a mutation 
W{ '. S 1 — y = (Si, . . . , Si, . . . , Sn). The mutations W\, . . . , satisfy the relations of the 
affine Weyl group Wa n _ 1 and define a transitive action of Wa n _ x on S m Kdv, see Theorems 
EH\ and Oil 

Theorem 16.311 gives a relation of mKdV tuples of subsets with critical points. Namely, if 
S = (Si, . . . , S^) G S m Kdv and (Fg 1 (ti, t), . . . , F Sn (tx,t)) is the tuple of the corresponding 
Schur polynomials, then for a fixed generic t, the tuple (Fs 1 (x,t), . . . ,F SN (x,t)) represents 
a critical point of a master function. Theorem 16.321 says that every family of critical points 
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provided by Theorem 16.311 appears as a subfamily of critical points generated from the tuple 
Let S = (Si, . . . , Sn) G S m Kdv- Consider the differential operator 



;i.8) vs = i±-w ( Fs » M 



dx \F SN _ x (x,t) 



dx \Fs N _ 2 (x,t)J J " ' \dx \F SN (x,t) 

with respect to x. Theorem 16.331 says that this differential operator depends on Sn only. 
Theorem 16.331 also describes the kernel of this differential operator as the span of ratios of 
suitable Schur polynomials. 

In Section [7] following |SW] we consider the Hilbert space H = L 2 (5' 1 ), the subspace H + , 
which is the closure of the span of -{V}j>o, and the set Gr (H) of all closed subspaces W C H 
such that z q H + C W C z~ q H + for some q > 0. We define Gr 00 (H) C Gr (if) as the subset 
of subspaces of virtual dimension zero. Following [SW] we define the tau-functions Tw(ti,t) 
of subspaces W G Gt 0)0 (H). The tau-functions are polynomials in tx,t. Theorem 17.61 says 
that the tau-function determines If up to a finite number of possibilities. 

Theorem 17.101 gives a Wronskian identity for tau-functions associated with four suitable 
subspaces W 1 ,W 2 ,W 3 ,W 4: £ Gr 0t0 (H): 

Wr tl (r Wl ,T W2 ) = const T W3 T Wi , 

see Section [731 

We fix a natural number N > 1 and define KdV subspaces as subspaces W G Gxqq(H) 
such that z N W C W. An example is H + . We define mKdV tuples W = (Wi, . . . , W N ) of 
subspace as tuples of KdV subspaces with the property zW{ C Wi+i for all i. An example is 
W c ill //.). 

In Section [7.61 we formulate an important theorem by G.Wilson, see [WJ. Let W = 
(Wi, . . . , Wn) G Gi m Kdv- Let (tw-l, ■ ■ ■ , T w N ) be the tuple of the corresponding tau-functions. 
Consider the Miura oper C w = ^ + A + V where 

V = diag ( log' ( r ^ + t ^\) , i og ' ( Ws + ti.tR lQg , ( t Wn (x +t u t) 



T WN (x + t U t) J ' V r Wi(^ +ti,t)J V r Wjv-i( s + *l)*) 

Then satisfies all mKdV equations, see Theorem 17.151 

In Sections 17.81 and [7T9l we define the generation of new mKdV tuples of subspaces starting 
with a given mKdV tuple. Theorem 17.251 says that the generation acts transitively on the 
set of mKdV tuples of subspaces. Theorem 17.241 describes a relation of the generation of 
new mKdV tuples of subspaces and the generation of new critical points of master functions. 
Theorem 17.241 togethere with G. Wilson's Theorem 17. 151 give a new proof of the main result 
of the paper, Corollary 15.21 

The authors thank B. Dubrovin, E. Frenkel, A. Lascoux, V. Schechtman, R. Stanley, G. 
Wilson, A. Zelevinsky for useful discussions. The first author thanks the Hausdorff Institute 
and IHES for hospitality. The second author thanks the Hausdorff Institute for hospitality. 
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2. KDV AND MKdV HIERARCHIES 

2.1. Algebra Mat. Denote B the space of complex- valued functions of one variable x. 
Given a finite dimensional vector space U, denote B(U) the space of [/-valued functions of 
x. Let C((A -1 )) be the algebra of formal Laurent series ^ ieZ CjA l ,Q G C, where each sum 
has finitely many terms with i > 0. 

Denote Mat the algebra of iV x N matrices Y^fj=i c i,j e i,j with basis e^, coefficients c i; j in 
C((A -1 )) and the product e^-e^ = Sj^e^. Denote Diag C Mat the subalgebra of diagonal 
matrices Yu%=i Qe^ with Cj G C. Denote Diag C Diag the vector subspace of matrices with 
zero trace. Denote A = e2,i + • • • + &n,n-\ + Ae^jy G Mat, see ( jl .4[) . 

Lemma 2.1 ( |DSj ). Each element M G Mat can be uniquely presented in the form J2 ie . z diA z 
with only finitely many terms i > and all di G Diag. 

Given M = Y.i&diA 1 with d { G Diag, define M+ = Y.i^ d iA\ M~ = Y.i<o d A\ and 

(2.1) M° = d . 

Define the following elements of Diag : Hi = — e i+ i i+ i, i = 1,...,N — 1, and 
Hn = cjv.jv — Define elements «j G Diagg for i = 1, . . . , N by 

(a i ,i? i )=2, {ai,Hj) = —l if z— j = ±lmodA^, 
(aj, iJj) = if i j and i — j ^ ±1 mod A/". 

Introduce the following elements of Mat: Ei = e^+i, Fi = ej+i^ for i = 1, . . . , AT — 1 and 
£/jy = A -1 ejv,i, Fn = Ae^Ar. For j = 1, . . . , N, denote Afj~ the subalgebra of Mat generated 
by the elements with i G {1, . . . , N} and % ^ j. 

Throughout this paper, we consider all indices modulo A" when appropriate. Thus we will 
write H , E or H^, E^ interchangeably. 

Lemma 2.2. Let g G B and j & {1, . . . , N}. Then 

(2.2) e 9 ^ = 1 + gejjA- 1 . 

□ 

Lemma 2.3. We have A -1 = e\^ + • • • + ejv-i,jv + A _1 ejv,i, and 

(2.3) e i+ i )i+ iA = Ae M , e^A^ 1 = A _1 e i+ i ii+ i 

for all i. □ 

2.2. Generalized mKdV Hierarchy, [DSJ. Denote d the differential operator 4-. For 
j G {1, . . . , A^}, a j-oper is a differential operator of the form 

C = d + A + V + w 

with V G i3(Diag ) and W G B(Aff). For w G £>(A^ + ) and a j-oper £, the differential 
operator 

e aAw C = C+[w,C} + [w, £]] + ... 
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is a j-oper. The j-opers £ and e adw C are called j-gauge equivalent. As Afj~ is nilpotent, e w 
and e~ w are well defined and 

e adw £ = e w Ce~ w . 
A Miura oper is a differential operator of the form 

C=d+A+V 

with V G £>(Diag ). A Miura oper is a j-oper for any j. Denote by M. the space of all Miura 
opers. 

Lemma 2.4 ( [DS] ). Let C be a Miura oper. 

(i) Then there exists T = 1 + J^iyo^^ e B(Diag) such that T~ l CT has the 
form d + A + £\^ 6 i A i taito foj G i3. 

(ii) T/ie matrix T is not unique. If both T and T have property (i), then 

T = (1 + Yli<o Qi-h l )T with q.i e B. In particular, for any r G N the matrix TA r T~ 1 
does not depend on the choice ofT. 

Let £ be a Miura oper and r G N. The differential equation 
(2.4) — = [£,(TA^T- 1 ) + ] 

is called the r-th mKdV equation, see |DS] . The classical mKdV equation corresponds to the 
case N — 2, r — 3. 

Equation (12.51) defines vector fields on the space M. of Miura opers. For all r, s G N 
the vector fields and -J=j- commute, see |DSj . 

Lemma 2.5 ( |DSj ). VFe /jave 

< 2 - 5 > f - s^ 1 )' 

where zs defined in (I2.ip . 

2.3. Generalized KdV Hierarchy, [DS]. Let £>((<9 -1 )) be the algebra of formal pseudo- 
differential operators of the form a = Yli£Z a ^^ with a, G B and finitely many terms with 
i > 0. The relations in this algebra are 

d k u - ud k = k{k — l)...(k — i + 1)^^"* 

i=l 

for any k G Z and u <E B. For a = ^ i6Z G i3((9 -1 )), define a + = ^ i>0 aj<9\ 

Denote B[d] C i3(((9 -1 )) the subalgebra of differential operators a = J21Lo a id t with m G 
Z^o- Denote T> C the affine subspace of the differential operators of the form L = 

For L E V, there exists a unique L^v = 9 + X]i<o a *^* e sucn that (Ln) n = L. 

For r G N, the differential equation 

(2-6) ^ = [(L*)+L] 
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is called the r-th KdV equation . The classical KdV equation corresponds to the case N = 2, 
r = 3. 

Equation ( 12.61) defines flows on the space V. For all r, s £ N the flows -M- and 
commute, see |DS] . 

2.4. Miura maps. Let £ = d + A + V be a. Miura oper with V = ^2k=i v k e k,k- For 
i = 1, . . . , N , define a scalar differential operator Li G T> by the formula 

(2.7) Lj = (<9 - Di) (9 - . . . (5 - v i) (5 - v N ) . . . (d - v^ 2 ) (d - t>;_i) 

N-2 



k=0 



Recall that we have Ylk=i v k = by the definition of a Miura oper. 

Theorem 2.6 (|DS]). Let a Miura oper £ satisfy the mKdV equation f)2.5p for some r. Then 
for every i = 1, . . . , N the differential operator Li satisfies the KdV equation ( 12. 6ft . 

We define the i-th Miura map by the formula 

nii : M ->■ V, £ i — y L i7 

see (l2~Tj) . 

Theorem 2.7 ( |DSj ). If Miura opers £ and £ are i-gauge equivalent, then rtij(£) = rtii(£). 

3. Critical Points of Master Functions, [MVlj 

3.1. Master function. Choose a collection of nonnegative integers k = (hi, . . . , k^). Con- 
sider variables u = (u^), where j = 1, . . . , N, and i = 1, . . . ,kj. We adopt the notations 
k^+\ = k\ and = up for all i. The master function k) is defined by formula 

N N 

fc) = 2 E m*^ - } ) -EE m*^ - 

j=l i<i' j=l 

The product of symmetric groups = E fcl x • • • x S fciV acts on the set of variables by 
permuting the coordinates with the same upper index. The function $ is symmetric with 
respect to the Efc-action. 

A point u is a critical point if d$> = at u. In other words, u is a critical point if and only 

if 

^ m _ 7/ (i) ~~ E 0') _ (i+i) ~ E (j) _ jfT) = °' 

i'jH a i u i> i=i a i u i> i=i u i u i> 

for j = 1, . . . , N and % = 1, . . . , kj. The critical set is E^-invariant. All orbits have the same 
cardinality k\\ ■ ■ - k N \ . We do not make distinction between critical points in the same orbit. 



12 A. VARCHENKO AND D. WRIGHT 

3.2. Polynomials representing critical points. Let u = (u\ ) be a critical point of the 
master function $. Introduce an iV-tuple of polynomials y = (yi(x), . . . , yx(x)), 



(3.2) Vj ( X ) = n 



x — u) , 



We adopt the notations yN+i = Hi and y = y^- Each polynomial is considered up to 
multiplication by a nonzero number. The tuple defines a point in the direct product (Cfar])^. 
We say that the tuple represents the critical point. 

It is convenient to think that the tuple y® = (1, . . . , 1) of constant polynomials represents 
in (C^])^ the critical point of the master function with no variables. This corresponds to 
the case k = (0, . . . , 0). 

We say that a given tuple y is generic if each polynomial yj{x) has no multiple roots 
and the polynomials yj{x) and yj + ±(x) have no common roots for j = 1, . . . , N. If a tuple 
represents a critical point, then it is generic, see (j3.ip . For example, the tuple y® is generic. 

3.3. Elementary generation. A tuple y is called fertile if for every j = 1, . . . , N there 
exists a polynomial jjj such that 

(3.3) Wr( yj , yj) = yj-Wj+i. 

For example, the tuple y is fertile. 

Equation f)3.3p is a first order inhomogeneous differential equation with respect to ijj. Its 
solutions are 

(3.4) fjj = yj / y3 ~ lV 2 3+1 dx + cyj, 



j 



where c is any number. The tuples 

(3.5) y {j) (x,c) = (y 1 (x),...,y j (x,c),...,y N (x)) G [C[x]) N 

form a one-parameter family. This family is called the generation of tuples from y in the j-th 
direction. A tuple of this family is called an immediate descendant of y in the j-th direction. 

Theorem 3.1 ( [MVl] ). 

(i) A generic tuple y = (yi, . . . , y^) represents a critical point of the master function if 
and only if y is fertile. 

(ii) If y represents a critical point, j E {1, . . . ,N}, and y^> is an immediate descendant 
of y, then is fertile. 

(iii) If y is generic and fertile, then for almost all values of the parameter c G C the 
corresponding n-tuple y^ is generic. The exceptions form a finite set in C 1 . 

(iv) Assume that a sequence y^ i — 1, 2, . . . of fertile N -tuples has a limit y^ in {<C\ X \) N 
as i tends to infinity. 

(a) Then the limiting N-tuple yoo is fertile. 

(b) For j = l,...,N, let y^ be an immediate descendant of yoo. Then for all j 

there exist immediate descendants y^ of yi such that yi^ is the limit of y^ as 
i tends to infinity. 
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3.4. Degree increasing generation. For j — 1, . . . , N, define ki = deg yj. The polynomial 
jjj in (13 .4p is of degree kj or kj = kj^i + kj + i + 1 — kj. We say that the generation is degree 
increasing if kj > kj. In that case deg^- = kj for all c. 

If the generation is degree increasing we will normalize family (13. 5p and construct a map 
Y y j : C —> (C[x]) N as follows. First we multiply the polynomials y x , . . . ,yjy by numbers to 
make them monic. Then choose a monic polynomial yj$ satisfying the equation Wr(yj, t/^q) 
= const yj-iyj + i and such that the coefficient of x k] in yj j0 equals zero. Set 

(3.6) y~j(x, c) = Vj tQ {x) + cyj(x) 
and define 

(3.7) Y v>j : C -> (C[x]) N , yW(x,c) = (y 1 (x),...,y j (x,c),...,y N (x)). 
All polynomials of the tuple y^'(x, c) are monic. 

Lemma 3.2. If kj is a minimal number among k\, . . . ,kjsf, then the generation of tuples 
from y in the j-th direction is degree increasing. □ 

3.5. Degree-transformations and generation of vectors of integers. For j = 1, . . . , N, 

the degree-transformation 

(3.8) k = (ki, ...,k N ) h)> = (ki, kj-i, kj-i + k j+1 - kj + 1, k j+1 , ...,k N ) 

corresponds to the shifted action of the affine reflection Wj G Wa n _ x , where Wa n _ x is the 
affine Weyl group of type A^-i and wi, . . . ,wn are its standard generators, see Lemma 3.11 
in [MVlj for more detail. 

We take formula (13.8p as the definition of degree-transformations: 

(3.9) Wj : k = (hi, . . . , k N ) i->- kr' — (ki, . . . , + kj +1 — kj + 1, . . . , k^) 

for j = 1, . . . , N, acting on arbitrary vectors k = (ki, . . . , fcjv). Here we consider the indices 
of the coordinates modulo N, thus we have ko = k^, k^+\ = k\ and so on. 

We start with the vector fc = (0, . . . , 0) and a sequence J = (ji, J2, • • • ,jn) of integers, 
1 ^ ji ^ N. We apply the corresponding degree transformations to fc® and obtain a sequence 
of vectors fc , k {h) = Wjl k % , k {juh) = WfrW^k 9 ,. . . 

(3.10) k J = w jm ...w j2 w n k®. 

We say that the vector k J is generated from (0, . . . , 0) in the direction of J. 

For example, for iV = 3 and J = (1,2,3,1,2,3) we get the sequence (0,0,0), (1,0,0), 
(1, 2, 0), (1, 2, 4), (6, 2, 4), (6, 9, 4), k J = (6, 9, 12). 

We call the sequence J degree increasing if for every % the transformation Wj i applied to 
Wj i _ 1 . . . Wj x k increases the jrth coordinate. 

The sequence J = (ji,---,j m ) with 1 ^ ji ^ iV will be called cyclic if ji = 1 and 
ji+i — ji + 1 m °d for all i. 
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Lemma 3.3. A cyclic sequence J = (ji, . . . ,j m ) is degree increasing. If m — p(N — 1) + q 
for some integers p, q such that ^ q ^ N — 2, then the last changed coordinate of k J has 
index equal to m mod N and this coordinate equals 

(N - 1) + (p + l)q. 

□ 

For example, for N = 3, J = (1, 2, 3, 1, 2, 3), k J = (6, 9, 12), we have p = 3, q = 0, and the 
last changed third coordinate equals 12. 

3.6. Multistep generation. Let J = (ji, . . . ,j m ) be a degree increasing sequence of inte- 
gers. Starting from y® = (1, . . . , 1) and J, we will construct by induction on m a map 

Y J : C m -> (Cfx])^. 

If J = 0, the map is the map C° = (pt) i— )■ y . If m = 1 and J = (ji), the map 
Y^ 1 ' : C — > (C[x]) N is given by formula (13.71) for y = y and j = ji. More precisely, equation 
(13. 3p takes the form Wr(l,^ 1 ) = 1. Then y J1>0 = x and 

yO'i) . C^(C[x]) N , c^ (l,...,l,x + c,l...,l), 

where x + c stands at the ji-th position. By Theorem 13.11 all tuples in the image are fertile 
and almost all tuples are generic (in this example all tuples are generic). 

Assume that for J = (ji, . . . , j m -i), the map Y J is constructed. To obtain Y J we apply 
the generation procedure in the j m -ih direction to every tuple of the image of Y J . More 
precisely, if 

(3.11) Y J : c = (ci, . . . , c m _i) ^ (yi(x,c),...,y N (x,c)). 

Then 

(3.12) 

Y J : C m ^ (C[x]) N , (c,c m ) i ^ (yi(x,c),...,y imi o(x,c) + c m y jm (x,c),...,^(x,c)), 

see formula (13. 6p . The map Y J is called the generation of N -tuples from y® in the J-th 
direction. 

Lemma 3.4. All tuples in the image ofY J are fertile and almost all tuples are generic. For 
any c G C m the N -tuple Y J (c) consists of monic polynomials. The degree vector of this tuple 
equals k J , see (13. 10p . □ 

Example. Let N = 2, J = (1,2). Then 

yW(ci) = (x + ci,l), r (1 ' 2) ( Cl ,c 2 ) = (x + Cl ,x 3 + 3 Cl a; 2 + 3c?x + c 2 ), 

c.f. with the first two Adler-Moser polynomials in |AM] . 

Example. Let N = 3, J = (1, 2, 3). Then 

yW(ci) = (x + ci,l,l), y (1 ' 2) (ci,c 2 ) = (x + ci,x 2 + 2cix + c 2 ,l), 

F (1 ' 2 ' 3) (ci, c 2 , c 3 ) = (x + ci, x 2 + 2cix + c 2 , x 4 + 4ciX 3 + (2c 2 + 4c 2 )x 2 + 4ciC 2 x + c 3 ), 
c.f. example in Section 11.41 
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4. MlURA OPERS AND CRITICAL POINTS, |MV2j 

4.1. Deformations of Miura opers. 

Lemma 4.1 ( [MV2] ) . Let £ = d + A + V be a Miura oper. Let g G B and j G {1, . . . , N}. 

Then 

(4.1) e ^9E 3 ) c = d + A + {v + gHj) _ y + v)g + g 2 )Ey 

The opers £ and e ad ^£ are i-gauge equivalent for every % ^ j. 

Corollary 4.2 ( |MV2] ). Let £ = d + A + V be a Miura oper. Then e ad ^ E ^ £ is a Miura 
oper if and only if the scalar function g satisfies the Ricatti equation 

(4.2) 9 , + {<x j ,V)g + g 2 = . 

Let £ = d + A + Vbe& Miura oper with V = J2iLi v i e i,i- Assume that the functions 
v i are rational functions of x. For j G {1, . . . , N}, we say that £ is deformable in the j-th 
direction if equation ( 14. 2 p has a nonzero solution g, which is a rational function. 

4.2. Miura oper associated with a tuple. Define a map 

fi : (C[x]) N -> M, 
which sends a tuple y = (y 1( . . . , y N ) to the Miura oper £ = d + A + V with 

N N 
k=l fc=l 

Here log'(/) denotes /'//. The Miura oper fi(y) determines y uniquely if y is generic. The 
Miura oper fj,(y) is called associated with y. For example, 

£ % = d + A 

is associated with y = (1, . . . , 1). 

Theorem 4.3 ( [MV2] ) . Let a Miura oper £ be associated with y = (yx, . . . ,yjv). Let j e 
{1, . . . , A^}. Then £ is deformable in the j-th direction if and only if there exists a polynomial 
ijj satisfying equation ( 13. 3p . Moreover, in that case any nozero rational solution g of equation 
( I4.2p has the form g = log' (yj/yj), where ijj is a solution of equation (13. 3j) . If g = log' (yj/yj), 
then the Miura oper 

e ad(gE 3 ) c = c + gH _ 

is associated with the tuple = (y 1 , . . . ,yj, . . . , y^), see Section HOI 

In particular, if £ is associated with a fertile tuple, then £ is deformable in all directions. 

Lemma 4.4. Let an oper d + A + X^feLi v k&k,k be associated with an N -tuple of polynomials 
y, that is assume that v k = \og\yk/yk-i) ■ If v' k = for some k, then v k = and y k = ay k -i 
for some a G C. 

Proof. If v' k = 0, then v k = b for some b G C. Then y k = ae bx yk-i for some a G C. Hence 
6 = since yk,yk-i are polynomials. □ 
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4.3. Miura opers associated with the generation procedure. Let J = (ji, . . . ,j m ) be 
a degree increasing sequence of integers. Let Y J : C m — > { < C[x\) N be the generation of tuples 
from y® in the J-th direction. We define the associated family of Miura opers by the formula: 

: C m -> M, c ^ fi{Y J {c)). 

The map fi J is called the generation of Miura opers from s in the J-th direction. 

For £ = l,...,m, denote Je = the beginning ^-interval of the sequence J. 

Consider the associated map Y Jl : C e — > (C[x]) N . Denote 

Y Je (c u . . . ,c e ) = (yi(x,ci, . . . ,c e ,£), ■ ■ .,y N (x,c u . . . ,c e ,£)). 

Introduce 

(4.3) gi(x,d, . . . ,c m ) = 10^(^(^,01,1)), 

g e (x, ci, . . . , Cm) = log'(y^(x,ci. . . . ,<%,£)) - log'(y h (x, c x , . . . , ct-i,£ - 1)), 
for £ — 2, . . . , m. For c G C m , denote 

(4.4) T J (x, c) = e 9m{x ' c)E ^ ■ ■ ■ e 9l{x ' c)E ^ . 
Lemma 4.5. For c G C m , we have 

(4.5) //(c) = T J (x, c) C $ (T J (x, c))- 1 
and 

m 

(4.6) /(c) = fl + A + ^&foc)^. 

Proof. The lemma follows from Theorem 14.31 □ 
Example. Let N — 2, J — (1, 2). Then /x J (ci, c 2 ) = 9 + A + diag(t>i, t> 2 ), where 

t>i = — 1> 2 = log' (a; + Ci) — log'(x 3 + 3cia; 2 + ?>c\x + c 2 ). 
We have g\ = log' (a; + Ci), g 2 = log'(x 3 + 3cia; 2 + 3cfx + c 2 ) and 

( c \ _ e 92(x,c)E 2e gi{x,c)E 1 £® e - gi (x,c)E le -g 2 {x,c)E2 

Corollary 4.6. For any r G N and c G C m , let §f\ lx jt c \ be the value at /x J (c) of the vector 
field of the r-th mKdV flow on the space M., see ( 12. 5p . Tnen 

(4-7) ^l^^^cr^^r^c))- 1 ) , 

where is defined in ( 12. ID . 

Proof. The corollary follows from (12. 5p and ( 14. 5 j) . □ 

Denote J = (ji, . . . , j m -i). Consider the associated family /i J : C m_1 — > M.. Let : 
M. — > V, C I—)- Lj, be Miura maps defined in Section 12.41 for i = 1, . . . , N. Denote c = 
(ci, . . . ,C m _i). 

Lemma 4.7. VKe nave rrij o /i J (c, c m ) = m.j o /i J (c) /or a// i ^ j m and (c, c m ) G C m . 

Proof. The lemma follows from formula (14. 5 p and Theorem 12.71 □ 
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Lemma 4.8. 



Mvi dfi J y jm ^(x,c,m- l)y jm+1 (x,c,m - 1) 
(4.8J - — (c, c m J = a — H jm 

/or some a e C 



Proo/. We have % m (x, c, c m , m) = % m ,o(^,c) + c m y jm (x,c,m - 1), where yj m , (x,c) is such 
that 

Wr(j/ im (x,c,m- l),?/ jmi o(x,c)) = a y jm _i(x, c, m - l)y jm+1 (x, c, m - 1), 

for some a e C, see (HEED- We have o m = log'(y jm (x, c, c m , m)) - log'(y jm (x, c,m - 1)). 
By formula (14. 6p . we have 

(J Cm. (-'wit, 



<9o m 9 f l/Lofa £ ) + C ™2/L 0, c, m - 1) 



and 

<9c m dc m \yj m ,o{x, c) + c m yj m (x, c,m - 1) 

Wr(y im , (x, c), y jm (x, c, m - 1)) 
(yj m ,o( x > c) + c m % m (x, c, m - l)) 2 ' 

□ 

5. Vector fields 

5.1. Statement. Recall that we denote by -J^- the r-th mKdV vector field on M. and also 
the r-th KdV vector field on V>. For a Miura map nij : Ai — > V, C i— >■ L\j, denote by <irrij the 
associated derivative map TM. — >■ TP. By Theorem 12.61 we have citrij : ^-| L .- 

Fix a degree increasing sequence J = (ji, ■ ■ ■ ,j m )- Consider the associated family \i J : 
C m — >■ M. of Miura opers. For a vector field T on C m , denote by the derivative of fi J 
along the vector field. The derivative is well-defined since M. is an affine space. 

Theorem 5.1. For every r e N there exists a polynomial vector field T r on C m such that 

d[i? 

(5 ' 1} du^ J ^ = dF r {c) 

for allce£ m . Ifr> 2m, then ^| J(c) = for all c G C m and T r . = 0. 

Corollary 5.2. T7ie family fi J of Miura opers is invariant with respect to all mKdV flows 
and is point-wise fixed by flows with r > 2m. 

5.2. Proof of Theorem 15.11 for m = 1. Let J = (ji). Then 

/( Cl ) = e ^£ e-^ = (1 + 9l e jlJl A- 1 )C 9 (l - gie n , n ^ 1 ) = d + A + g x H h , 
where gi = j^r- By formula (14. 7p . 
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It follows from Lemma P2.3I that -§-\ fJL jr c \ — for r > 1 and hence T r = 0. For r = 1 we have 
^i\ti J (c!) = ~ {x+ Cl ) 2 ^h an d this equals ^-/i J (ci). Hence Yx = Theorem 15.11 for m = 1 
is proved. 

5.3. Proof of Theorem 15.11 for m > 1. 

Lemma 5.3. If r > 2m, then £-\ ,. = for all c G C m . 

J ' Otr I M (c) 17 

Proof. The vector ^- 1 , . equals the right hand side of formula ( 14. 7p . By Lemmas 12.21 and 
12.31 the right hand side of ( 14 .TP is zero if r > 2m. □ 

We prove the first statement of Theorem 15 .ll by induction on m. Assume that the statement 
is proved for J = {jxi . . . , jm— l ). Let 

Y J : c = (ci, . . . ,c m _i) i ^ (yi(x,c), . . . ,y N (x,c)) 

be the generation of tuples in the J-th direction. Then the generation of tuples in the J-th 
direction is 

Y J : C m ^(C[x]) N , (c,c m )n> (yx{x,c),...,y jmt o(x,c) + c m y jm (x,c),...,y N (x,c)), 

see (I7.22P and (I7.23p. We have g m = \og'(y jmfi (x, c) + c m y jm (x, c)) - \og'(y jm (x, c)), see (jOJ). 

By the induction assumption, there exists a polynomial vector field Y r j on C m_1 such 
that 

( 5 - 2 ) ^Uc) = ffr~ {d) 

for all 5 G C" 1 " 1 . 

Theorem 5.4. There exists a scalar polynomial j m (c, c m ) on C m st/c/i i/iai i/ie vector field 
r r = r r,J + Tm(c, c m )^ satisfies (EUJ /or a// (c, c m ) G C m . 

The first statement of Theorem 15.11 follows from Theorem 15.41 

5.4. Proof of Theorem 15.41 
Lemma 5.5. We have 

( d <9/i J \ 

( 5 - 3 ) dm *\^c m) I Qf^M ~ gf-^ c m )j=0 

for all i 7^ j m and (c, c rn ) G C m . 

Proof. By Theorem 12.71 we have rrij o /i J (c, c m ) = rrij o /i J (c) for all i ^ j m . Hence, 
, i / dn J . \ 9(rrij o /i J ) 9(mj o /i J ) 

(") <**Uw {w-^> ) = -i^f^' = ^kr (c) - 

By Theorems 12.61 and 12. 7[ we have 



(5.5) dm 



l/x J (c,c m ) y l^ J (c,c m ) / Qj-^ I triio/i- 7 (c,c m ) Q£^\mi°V J (£)' 
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By the induction assumption, we have 

d I d(m.i o /i J ) 



(5.6) 



3f r Inwove) ~ dT r j 



These three formulas prove the lemma. □ 

The space Ai of Miura opers is an affine space. The tangent space to M. at any point 
is canonically identified with the vector space £>(Diag ), whose elements have the form 

X = Yjk=l X k e k,k with X k e B and Y,k=i Xk = °- 

Proposition 5.6. Let X(c) = Yl k =i x k( x , c ) e k,k be a B(Diag ) -valued function on C m such 
that 

(5-7) dm^ J(c) (X(c)) = 

for all i 7^ j m and all c G C m . Assume that Xk = unless k = je of k = ji + 1 for some 
£ ^ m. T/ien 



(5.8) X = a 

for some scalar function a on C m . 

Proof. Suppose j m — 1. For other values of j m; the following argument holds after a cyclic 
permutation of indices. 



Let /i J (c) = d + A + Xlfcli ^fcO*-) c ) e k,k- For i = 1, . . . , N, the Miura map i 



is 



N 

mi : d + A + ^ v k e kik (9 - ^)(<9 - . . . (d - v x ){d - v N ) . . . (d - v^i). 

k=l 



For i = 2, . . . , X, we have dmA J( A^2 k=1 X k (x, c)) = 0. This means 

(5.9) {~ x i){d - Ui-i) ■ ■ ■ (9 - - v„) . . . {d - v^) + 

+ (d- v^-X^) ...{d-v 1 ){d-v N )...{d- vt-i) + ■■■ + 
+ (d- Vi){d - vt-i) . . . -v N )...(d- Vi-i) + 

(d - Vi )(d - ... (9 - ^)(-X w ) ... (9 - + • • • + 

+ (9 - - u f -i) . . . (9 - - ^) . . . (-x_o = o. 

For a given z, the left hand side is a differential operator of order N — 2 and the right hand 
side is zero. Hence, for a given i, we obtain N — 1 linear differential equations on coordinates 
Xi, . . . , Xjy. The index i may take X — 1 values 2, . . . , X. All together we get (X — l) 2 
linear differential equations on X 1; . . . , X^r. Our goal is to show that under conditions of 
Proposition 15 .61 the space of solutions of this system of equations is at most one-dimensional 
and if the space is one-dimensional then it is generated by 

/ E1n x y N (x,c,m-l)y 2 (x,c,m-l) 

(5.10) — Hi, 

see formula (|4.8|) . 
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The coefficient of d N ~ 2 in equation (j5.9p for i — N, N — 1, . . . , 2, gives the following system 
of equations: 

N 

(5.11) X' N _ 1 + 2X' N _ 2 + --- + {N-l)X[ + ^2v k X k = 0, 

fc=i 

A? 



X^_ 2 + 2X^_ 3 + --- + (iV-2)X( + (iV-l)X; + ^^X fe = 0, 

k=l 
N 

X' N _ 3 + 2X' N ^ + ... + (N- 3)X[ + (N- 2)X' N + (N - 1)X N ^ + £ ^X k = 0, 



k=l 
N 



X[ + 2X' N + + ( N -2)X' 4 + (N-l)X' 3 + J2v k X k = 0. 

k=l 

By subtracting the second equation from the first we get (N — 1)X' N — X[ X' N _ 1 = 0. 

Since ^2 k=1 X k = we get X' N = 0. Similarly we obtain 

(5.12) X' k = for k = 3,...,N and X' 2 = -X[. 

By using (15.131) and equation X 2 = J2k^2 X k we obtain from (15. lip the equation 

N 

(5.13) (d + v 1 -v 2 )X 1 = J2(v2~v k )X k . 

fc=3 

If 

JV 

(5.14) ^2(v2-v k )X k = 0, 

k=3 

then (d + vi — v 2 )Xi = or 

y N (x, c,m- l)y 2 (x, c, m - 1) 



X x = a 



yi(x,c, c m ,m) 2 



for some a G C. This equation proves Proposition 15.61 

Now our goal is to show that under assumptions of Proposition 15.61 equation (I5.14p holds. 

Lemma 5.7. The coefficient of d N ~ 3 in equation (15. 9p for i = 2, . . . , N gives the following 
system of equations: 

i k-1 

(5.15) - v 2 )( Vl - v k ) + {k- 2)v' k -J2 v 'j\ X * + 

k=3 j=2 

N N 

+ Yl [(vk-v 2 )(v 1 -v k ) + (k-N-l)v' k + v' l + v 'j\ X k = 0. 

k=i+l j=k+l 

In particular, by subtracting the consecutive equations we get equations 

(5.16) v' k X k = 0, k = 3,...,N. 
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Proof. Equate to zero the coefficient of D N ~ 3 in ( 15. 9p . We get 

N 

Y i a ikd 2 + b ik d + c ik ) X k = [and 2 + bud + c a ] X x + [a i2 d 2 + b i2 d + c i2 ] X 2 + 

k=l 

N N 

+ Y c ik x k = [(an - a i2 )d 2 + (b a - b i2 )d + (c a - c i2 )} X 1 + ^ ( c ik ~ Q2) X k = 0. 

fc=3 fe=3 

The coefficient Ci k has the form Ci k = —q(k) + di k , where 



(5.17) q(k) = Yl 



v s v t 



(s-k)(t-k)^0 



and di k is given by 

(5.18) d^ k = v\_ x + 2v\_ 2 H h {i - k - l)v' k+l + (i - k)v' k _ x + ... 

+ 3)i/ 2 + (z - 2)v[ + l)v' N + ■ ■ ■ + (N - 2)v' l+1 , 
d i<k = u t Li + M~2 + ••• + («- 2)i/ 2 + l)v[ + 

+ iv' N + ■ ■ ■ + (N + i - k - 2)v' k+1 + (N + i- H h (JV - 2)v' i+1 . 

It is easy to see that 

N 

(5.19) [(a a - a l2 )d 2 + (b a - b t2 )d + (c a - c l2 )} = {-{i - 2)8 + ^ Vj )(d + Vl - v 2 ). 

i=3 

The formulas (I5TT31) . fl537j) . f lBTTgj) , imply Lemma EH □ 

Let us finish the proof of Proposition 15.61 Recall that we assumed that j m = 1 and it 
remains to be proved that J2 k=3 (v 2 — v k )X k = 0, see (I5.14p . If k is not equal to jg or je + 1 for 
some £ ^ m, then X k = by the assumption. Otherwise, we have v' k X k = 0, see (I5.16p . For 
such k the function v k is not identically zero as a function on C m . By Lemma POl the function 
v' k is not identically zero on C m . Hence X k = and equation (I5.14p holds. Proposition 15.61 
is proved. □ 

Denote 

(5.20) F = A| ^L{cc)_ 

Let Yi, . . . , Yn be coordinates of Y, Y = J2 k=1 Y k e k<k . 

Lemma 5.8. We have Y k = unless k = ji or jt + 1 for some i ^ in. 

Proof. The fact that the k-th coordinate of -J^—(c, c m ) equals zero unless k = ji or je + 1 f° r 

r, J 

some I ^ m follows from (14.61) . The fact that the k-th. coordinate of gt~|/& J (cc \ equals zero 
unless k = ji or je + 1 for some I ^ m follows from formulas (14.71) , (12.21) and (12. 3p . □ 

By Lemma 15.81 and Proposition 15.61 there exists a scalar function j m (c, c m ) on C m such 
that the vector field T r = T r j + j m (c, c m )-£— satisfies (15.11) for all (c, c m ) £ C m . It remains 
to prove that the scalar function is a polynomial. 
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Proposition 5.9. The function ^mic^Cm) is a polynomial on C m . 

Proof. Let g = x d +Y^Zo ^-i( c i) • • • 5 c m)% % be a polynomial in x, c±, . . . , c m . Denote h = log' g 
the logarithmic derivative of g with respect to x. Consider the Laurent expansion of h at 
x = 00, h = Bfa, . . . , c k )x~\ 

Lemma 5.10. All coefficients Bi are polynomials in ci, . . . , c m . □ 
The vector Y = -M- 1 ,,_ . is a diagonal matrix depending on x, ci, . . . , c m . Let Yj, . . . , Yj 



N 



be coordinates of Y, Y = ^2 k=1 Y k Ck^- 

Lemma 5.11. Each coordinate Y k is a rational function of x, ci, . . . , c m which has a Laurent 
expansion of the form Y k = Bi(c\, . . . , Ck)x~ l where all coefficients Bi are polynomials 
mci,...,c m . □ 

The vector Y = tt—{c, c m ) is a diagonal matrix depending on x, cx, ■ ■ ■ , c m . Let Yx, . . . , Yn 

r, J 

be coordinates of Y, Y = J2k=i Yk£k,k- 

Lemma 5.12. Each coordinate Y k is a rational function of x, cx, ■ ■ ■ , c m which has a Laurent 
expansion of the form Y k = Y^=x Bi(cx, ■ ■ ■ , c k )x~ l where all coefficients Bi are polynomials 
incx,...,c m . □ 

Let us finish the proof of Proposition 15 .91 The function 7 m (c, c m ) is determined from the 
equation 

d I dfi J y N (x, c,m- l)y 2 (x, c, m - 1) 

n. \,, J (rr 1 OT^ \ C i C rn) — lm\ c -i C m) ( ~ \1 1- 

dt r w ( - c > Cm > ol r j yx{x,c,c m ,m) z 

The function — ^ x,C y™~^ 2 has a Laurent expansion of the form ^i( c i> • • • i °k)x~ l 
and the first nonzero coefficient Bi of this expansion is 1 since the polynomials yN,yi,U2 ar e 
all monic. Hence g m is a polynomial. □ 

Theorem 15.11 is proved. 

5.5. Cyclic generation. Recall that a sequence J = (jx, ■ ■ ■ ,j m ) with 1 ^ ji ^ N is called 
cyclic if jx = 1 and = ji + 1 mod iV for all i. If the generation is cyclic, then it is degree 
increasing, see Lemma [3.31 

Theorem 5.13. If J is cyclic, then the image of the generation map /i J : C m — > M. does 
not have a proper subset invariant under the the flows exp (^2 re ^t r -^- 

Proof. Let £ be a nonnegative number. Write I = (N — l)p + q where 1 ^ q ^ N. Define 
rg = £ + p. 

Lemma 5.14. Let J = (jx, . . . ,j m ) be a cyclic sequence. 

(i) Then the image of the map fi J : C m — > A4 is point-wise fixed by the mKdV flow dt r 
for every r > r m . 

(ii) Let T r be the vector fields on C m described in Theorem \5. 1\ Then T r . m = a-^— where 
a is a nonzero number. 

Proof. The lemma is a corollary of formula (14. 7p and Lemmas 12. 2\ \2.3\ 14.51 □ 
Theorem 15.131 follows from Lemma 15.141 □ 
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6. SCHUR POLYNOMIALS 
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6.1. Definition. By a partition we will mean an infinite sequence of nonnegative integers 
A — (Ao ^ Ai ^ . . . ) such that all except a finite number of the Aj are zero. The number 
|A| = Yli^i ^ S ca hed the weight of X. 
Denote t = (t 2 , ^3, • • • )• Define polynomials hi(ti, t), i — 0, 1, . . . , by the relation 



exp i 



3=1 



i=0 



Set hi 
(6.1) 



for i < 0. We have 
dhi 



h 



i-1 



and 



hi{t u t = 0) 



Define the Schur polynomial associated to a partition A = (Ao ^ Ai ^ • ■ ■ ^ A n ^ A n+ i = 0) 
by the formula 

(6.2) F x (t u t) = det£ i=0 (^ +i ). 

Theorem 6.1 ([Fa]). For any X, the Schur polynomial F\ is irreducible in variables t\,t. 

Corollary 6.2. For a generic fixed t, the roots of F\(ti,t) with respect to t± are all simple. 

Corollary 6.3. Let X,fi be partitions, X ^ fi. Then for a generic fixed t, the polynomials 
F\(tx,t) and F^(ti,t) with respect to t\ have no common roots. 



6.2. Wronskian determinant. For n G N and any functions f\, . 
Wronskian determinant 



f n of ti define the 



ffi(ti) fiik) 

/ 2 (*i) m: 



ft 1] (ti)\ 



(6.3) Wr tl (/!,...,/„) = 

V/»(*i) f'niti) ■■■ tir^ttx)) 

where derivatives are taken with respect to t±. 

Lemma 6.4 ([MVlJ). For functions fi, f n , gi, g 2 of t\ we have 

(6.4) 

Wr tl (Wr tl (/i, . . . , f n , Wr tl (f h ...,/„, g 2 )) = Wr tl (fi, ■ ■ ■ J n ) Wr tl (/i, ...,/„, gi, g 2 )- 

Proof. If fi,.-.,fn,9i are linearly dependent, then both sides of (16.41) are equal to zero. 
Assume that fx, . . . , f n , g\ are linearly independent. 

Both sides of (16 ,4p depend on g 2 linearly and are linear combinations of g 2l g' 2 , ■ ■ ■ , 9 2 ■ 
Both sides are equal to zero if g 2 = /i, . . . , f n , 9i- In both sides, the coefficient of g 2 
equals Wr tl (f u . . . , f n ) Wr tl (fi, . . . , f n ,9i)- This implies the lemma. □ 

Lemma 6.5. For a partition X = (Xq ^ Ai ^ • • ■ ^ X n ^ A n +i = 0), we have 

(6.5) F x (ti,t) =Wr tl (/i Ao+n ,/i Al+n _i,...,/i A J. 

Proof. The lemma follows from (16. D) . □ 
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Lemma 6.6. For a partition X, the Schur polynomial F\(ti,t) has degree \X\ with respect to 
t\. The coefficient of t^ in F\ is a nonzero rational number. □ 

For a partition A = (A ^ Ai ^ • • • ^ A n ^ A n+ i = 0) if i G {0, . . . , n} is such that 
Aj — 1 ^ Aj + i, then X 1 : = (Ai ^ • ■ • ^ Aj_i ^ A, — 1 ^ A i+ i ^ • • • ^ A n+ i = 0) is a partition. 
This partition will be called the derivative partition of X at the i-th position. 

Lemma 6.7. For a partition X = (Ao ^ Ai ^ ■ • • ^ A n ^ A n+ i = 0), we have 

(«) f+I>=° 

where the sum is over all derivative partitions X 1 of the partition X. 

Proof. The lemma follows from Lemma 16.51 and formula (16. ip . □ 

6.3. Subsets of virtual cardinal zero. Following [SW], we say that a subset S = {sq < 
Si < s 2 < ■ ■ ■ } C Z is of virtual cardinal zero, if = i for all sufficiently large i. Denote S 
the set of all subsets of virtual cardinal zero. 

Lemma 6.8 QSWJ). There is a one to one correspondence between elements of S and par- 
titions, given by S <H- A where Aj = % — Sj. 

For a subset 5 = {so < si < s 2 < . . . } C Z and an integer k G Z we denote S + k the 
subset 5 = {s + /c<si + A;<S2 + A;<...}cZ. 

Let 5* be a subset of virtual cardinal zero. Let A = {a±, . . . , a^} C Z be a finite subset of 
distinct integers. 

Lemma 6.9. If {a 1; . . . , a^} D (S + fc) = 0. T/ien {a±, . . . , a^} U (5* + k) is a subset of virtual 
cardinal zero. □ 

To a subset S = {so < s\ < s 2 < ■ ■ ■ < s n +i = n + 1 < . . . } of virtual cardinal zero we 
assign the Schur polynomial of the partition A given by Lemma 16.81 

(6.7) F s (h,t) :=F x (h,t) =det^ =0 (VJ = Wr tl (fc n _ So , . . . , fr n _ s J. 

Let 5 be a subset of virtual cardinal zero. Assume that the two-element subset A = 
{a\ < a 2 } C Z is such that A D (S + 1) = 0. Then the subsets Si := {ai} U (S + 1), S2 : = 
{a 2 } U (5 + 1), := S, 5*4 = {a\ + 1, a 2 + 1} U (S + 2) are of virtual cardinal zero, by Lemma 

EU 

Theorem 6.10. We have 

(6.8) Wr tl (F 5l ,F 52 ) = F 53 F 54 . 

Proof. Let 5 1 = {s < sx < s 2 < ■ ■ ■ < s„ +1 = n + 1 < . . . }. We have 





= Wr tl (h n _ so , . 


• • ; hn+l—ai j • ■ 


■ ■ ) hn—Sn)i 




Fs 2 


= Wr tl (/i n _ so , . 


■ ■ j h n +i—a 2 , . • 


■ ■ j hn—Sn)l 




F Si 


= Wr tl (h n _ SQ , . 


■ • j h"n+l—ai t • ■ 


h 

■ • 1 IL n+l—a,2 1 ■ 


■ ■ > hn—Sn 



Now the theorem follows from Lemma [6.41 □ 

As was explained to us by A. Lascoux, this simple Theorem 16 . 1 01 can be interpreted as an 
instance of the Plucker relation [1; 2] [3; 4] - [1; 3] [2; 4] + [1; 4] [2; 3] = 0, see Section 1.4 and 
Complement Al in [LI], c.f. [L2]. 
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6.4. More general Wronskian identities for Schur polynomials. Lemma IS~4l is a par- 
ticular case of more general Wronskian identities in |MVlj . Namely, fix integers ^ k ^ s 
and functions g±, . . . , g s+ i of t\. Let 

K-fc+iOO = Wr tl (£?!, . . .,g s _ k ,gi). 

Lemma 6.11 ( jMVl] ). We have 

(6.9) Wr tl (K- fe+ i(s - k + 1), - A; + 2), ... , V a _ fc+1 (s + 1)) = 

= (Wr tl (#1, ... , g s -k)) k Wr tl (01, ... , s+ i). 

Let Ws(z) = Wr 4l (gi, . . . , gl, . . . , a +i) be the Wronskian of all functions except 0j. 
Lemma 6.12 QMVlj ). We We 

(6.10) Wr tl (W a (s-A; + l) > W a (s-A; + 2),...,W;(s + l)) = 

= Wr tl (0i, . . . , s _ fc )(Wr tl (0i, . . . , # s +i)) fc . 

If {pi, . . . , g s +i} is an arbitrary subset of the set {h 1} h 2 , . . ■ ,}, then Lemma \6. 51 and Lem- 
mas 16. IH 16.121 give identities for Schur polynomials. For example if k = 2, s = 3 and 

{01, 02, 03, 9i} = {h^ h 3 , h 2 , hi}, we get: 

(6-11) Wr tl (F ( 3,3),F ( 3,2),F (3 ,i)) = F ( 2 4) F (lililil) , 

Wr tl (F( 2 ,l,l),i 7 (2,2 ) l)5^(2 > 2 ) 2)) = ^(4)^(1,1,1,1) • 

6.5. KdV subsets. Fix an integer N > 1. We say that a subset S of virtual cardinal zero 
is a KdV subset if S + N C S. For example, for any > 1 

^ = {0,1,2,...} 

is a KdV subset. 

Lemma 6.13. Let S be a KdV subset. Then there exists a unique N -element subset A = 
{ai < • • • < a N } C Z such that S = A U {S + N) . □ 

The subset A of the Lemma 16.131 will be called the leading term of S. 

Lemma 6.14. The leading term A uniquely determines the KdV subset S , since S is the 
union of N nonintersecting arithmetic progressions {a^, a« + N, a« + 2N, . . . }, i = 1, . . . , N. 
If A = {at < ■ ■ ■ < a^v} C Z is the leading term of a KdV subset S , then a, — aj are not 
divisible by N for all i 7^ j . □ 

For example, for N = 3 and S = {—3 <0<1<3<4<...}, the leading term is A = 
{—3, 1, 5} and S is the union of three arithmetic progressions with step 3: {—3, , 0, 3, 6, . . . }, 
{1,4,7,. ..},and {5,8,11,...}. 

Lemma 6.15. Let a KdV subset S has the leading term A = {a, a + 1, . . . , a + N — 1} for 
some integer a. Then a = and S = S®. □ 

Lemma 6.16. Let S be a KdV subset with leading term A. For any a G A the subset 
(6.12) S[a] = {a + 1- N}U(S + 1) 

is a KdV subset with leading term A[a] = (A + 1) U {a + 1 — N} — {a + 1} □ 
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The subset S[a] will be called the mutation of the KdV subset S at a G A. 

For example, let N = 3. For a KdV subset S = {-3 <0<1<3<4<...} with leading 
term A = {-3 < 1 < 5}, we have A[l] = {-2 < -1 < 6} and S[l] = {-2 < -1 < 1 < 2 < 
4 < 5 < 6 < . . . }. 

Lemma 6.17. Let S\ be a KdV subset with leading term A. Let S2 be a KdV subset such 
that Si + 1 C (S2. Then S2 is the mutation of Si at some element a G A. □ 

Theorem 6.18. Any KdV subset S can be transformed to the KdV subset S 10 by a sequence 
of mutations. 

Proof. Let A = {ai < • • ■ < on} be the leading term of S. The number \S\ = on — ai will be 
called the width of S. The width is not less than N — 1. If the width is N — 1, then S = S® 
by Lemma 16.151 

Assume that \S\ > N — 1. Then ^[ajv]! < \S\. Repeating this procedure we will make 
the width to be equal to N — 1. □ 

Corollary 6.19. If A = {ai < ■ ■ ■ < a^} is the leading term of a KdV subset, then 

(6.13) }^ ai = o ' 

8=1 

Proof. The leading term of has this property and mutations do not change the sum of 
the elements of the leading term. □ 

Theorem 6.20. A subset A = {ai < ■ ■ ■ < a^} is the leading term of a KdV subset if and 
only if equation H6 . 131) holds and ai — aj is not divisible by N for any i ^ j. 

Proof. The proof is similar to the proof of Theorem 16.181 □ 

6.6. mKdV tuples of subsets. We say that an iV-tuple S = (Si, . . . , S^) of KdV subsets 
is an mKdV tuple of subsets if Sj + lC S i+ i for all i, in particular, Sn + 1 C Si. 
For example, for any iV 

S = (S ,...,S ) 

is an mKdV tuple of subsets. 

Lemma 6.21. If S = (Si,...,S N ) is an mKdV tuple, then for any i, (Si, Sj+i, . . . , Sn, 
Si, S2, • • • , Si-i) is an mKdV tuple of subsets. □ 

Let S be a KdV subset with leading term A = {ai < ■ ■ ■ < a N }- Let a be an element of 
the permutation group Sat. Define an iV-tuple Ss,a = (Si, ■ ■ ■ , Sn) where 

(6.14) Si = {a CT( i) + i - N, a^) + i — N, . . . , a a{i) + i - N} + (S + i), 
in particular, Sn = A U (S + N) = S. 

Lemma 6.22. The N-tuple Ss, a is an mKdV tuple. □ 

For example for S = S* , S = S , we have S = S s @ a , where a = (N, N — 1, ... ,2,1) is 
the longest permutation. 
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Theorem 6.23. Every mKdV tuple is of the form Ss, a f or some KdV subset S and some 
element o G Y,n- 

Proof. The theorem follows from Lemma 16.171 □ 

Corollary 6.24. For any KdV subset S there exists exactly N\ mKdV tuples S = (Si, . . . , Sn) 
such that Sn = S. 

6.7. Mutations of mKdV tuples. Let S = (Si, . . . , Sn) be an mKdV tuple. By Theorem 
16.231 we have S = Ss N ,a for some permutation o G Tin- Let A = {ai, . . . , on} be the leading 
term of Sn- Then Si are given by formula (I6.14p . 

Lemma 6.25. For any i — 1, . . . , N, there exists a unique mKdV tuple 

(6.15) = (Si, . . . , Si_i, Si, S i+ i, . . . , Sn) 
which differs from S at the i-th position only. 

The mKdV tuple will be called the mutation of the mKdV tuple S at the i-th position. 
Denote Wi : S (-)■ the mutation map. 

Proof. First assume that i < N. Let s^+i G Sat be the transposition of i and i + Then 

(6.16) (a o s hl+ i(l), ...,ao s i)i+1 (N)) = 

= ((7(1), ...,a(i-l),a(i + l), a(i), a(i + 2),..., a(N)). 

Set S {i) = S S)aoSi i+1 . By formulas (IBTTHjl and fl6~14l) the mKdV tuple S (i) differs from S at 
the i-th position only and the i-th term of is 

(6.17) 

Si = {a CT (i) +i — N, a a ( 2 ) + i - N, . . . , a CT(i _i) +i — N, a a ( i+1 ) + i - N} + (S + i). 

The fact that is unique follows from Theorem 16.231 

In order to mutate S at the iV-th position, we consider the mKdV tuple (Sn, Si, ... , Sn-i), 
see Lemma I6.21[ and then mutate this tuple at the first position. □ 

Lemma 6.26. Let S = (Si, . . . , Sn) be an mKdV tuple. For any i let = (Si, . . . , Si-i, 
Si, Si + i, Sn) be the mutation at the i-th position. Then the four KdV subsets Si, Si, 
Si-i, Si + i satisfy the conditions of Theorem \6.10\ and 

(6-18) Wr tl (F Si , F § ) = ±F Si _ 1 F Si+1 . 

□ 

Let A*, A* be the partitions corresponding to the KdV subsets Si, Si, respectively. Recall 
that deg tl F Si = |A*| and deg ti F § . = |A*|. 

The mutation Wi : S will be called degree decreasing if deg tl F§. < deg tl F Si . 

Theorem 6.27. Any mKdV tuple S can be transformed to the mKdV tuple S 10 = (S 10 , . . . , S®) 
by a sequence of degree decreasing mutations. 

Proof. Let S = (Si, . . . , Sn)- Let s l be the minimal element in 5j. Denote s min = min(sQ, 
. . . , Sq ). Denote d the number of i's such that s l = s m ; n . 
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Lemma 6.28. If d = N, then S = S . □ 

Thus we may assume that d < N . Now we will describe a degree decreasing mutation of 
S which will decreases d by one if d > 1 and which will increase s m ; n if d = 1. That will 
prove the theorem. 

Denote S = Sn- Then S = Ss, a for some a G T,n- Let A = {a\ < ■ ■ ■ < a^} be the 
leading term of S. 

Lemma 6.29. We have 

(6.19) s min = min {a CT (i) + 1 - N, a <7 ( 2 ) + 2 — iV, . . . , a CT (jv) + iV - N}. 

□ 

Since d < N we may choose z such that + i — N = s min < a CT (j +1 ) + z + 1 — AT. Then 
the mutation : 5 4 S 1 ^ decreases d by one if d > 1 and increases s m i n if d = 1. The 
theorem is proved. □ 

Corollary 6.30. Let S = (Si, . . . , Sn) be an mKdV tuple of subsets such that S ^ S® . 
Let (A 1 , . . . , A^) be the corresponding partitions. Then there exists i G {1, . . . , iV} such that 
2| A* | > |A i+1 | + (A*" 1 ! + 1. □ 

For example, let iV = 3 and S = (Si, S 2 , S 3 ) with 

(6.20) 

Si = {-1< < 2 < 3 < ...}, S 2 = {-2,0,1,3,4,...}, S 3 = {-1< 1< 2 < . . . }. 

Then s min = —2 and the mutation u> 2 produces the triple = (Si, S 2 , S 3 ), S 2 = {0 < 1 < 
. . . } and decreases s m i n . 



6.8. mKdV tuples and critical points. Let S = (Si, . . . , Sn) be an mKdV tuple. Let 
(A 1 , . . . , \ N ) be the iV-tuple of the corresponding partitions provided by Lemma 16.81 Let 
(F x i(ti,t), . . . , F X N(ti,t)) be the corresponding tuple of Schur polynomials. 

Theorem 6.31. For a generic fixed t, the tuple (F x i (x,t), . . . , F x n(x, t)) of polynomials in x 
represents a critical point of the master function $ given by formula (11.11) where the numbers 
ki, . . . ,k N are the numbers (A 1 !,. . . , | | . 

For example, if N = 3 and S = (Si,S 2 ,S 3 ) is given by (16.251) . then A 1 = (1,1), A 2 = 
(2, 1,1), A 3 = (1) is the corresponding triple of partitions. For a generic fixed t the triple 
(F x i(x, t), F X 2(x, t), F X 3(x, t)) represents a critical point of the master function with 7 vari- 
ables (uf ] ), j = 1, 2, 3, % = 1, . . . , kj, with (k u k 2 , k 3 ) = (2, 4, 1). 

Proof of Theorem \6. 31[ For generic fixed t and any i, all roots of F X i(x, t) are simple and the 
polynomials F X i(x,t), F x ,+i(x,t) do not have common roots, see Corollaries 16.21 and 16.31 For 
any fixed t the tuple (F x i(x,t), . . . ,F X N(x,t)) is fertile by Lemma [6.261 Now the theorem 
follows from Theorem 13. II □ 
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6.9. mKdV tuples and the generation of critical points. Let S = (Si, . . . , Sn) be an 

mKdV tuple. Let (F Sl (x, t), . . . , F Sn (x, t)) be the corresponding tuple of Schur polynomials. 
By Lemma [6.61 there exist numbers ai, . . . , ajv such that 

ys(x,t) = (aiF Sl (x,t), . . . , a N F SN (x, t)) 

is a tuple of monic polynomials in x depending on parameters t. 

Recall that t = (t 2 ,t 3 ,...) is an infinite sequence of parameters but the tuple ys(x,t) 
depends only on finitely many of them, say on t& = (t 2 , h, ■ ■ ■ , td+i) f° r some integer d. We 
introduce the map 

(6.21) Y s : C d (C[x]) N , t s ^y s (x,ts). 

By Theorem 16.27} there exists a sequence J = (ji,---,j m ), 1 ^ je ^ N, such that 
w h w h ■ ■ ■ w j m '■ S S and each mutation Wj e : Wj [+1 . . . Wj m S Wj e . . . Wj m S is degree 
decreasing. 

Recall the map Y J : C m — > (C[x]) , the generation of iV-tuples of polynomials in x from 
the tuple y® = (1, . . . , 1) in the J-th direction, defined in Section [3761 

Theorem 6.32. The map Ys can be induced from the map Y J by a suitable polynomial map 
f : £ d -> C m , that is Y S = Y J o f. 

Theorem 16.321 says that every family of critical points provided my Theorem 16.311 appears 
as a subfamily of critical points generated from the tuple y . 

Proof. The proof is by induction on m. For m = we have S = S®, ys = (1, . . . , 1), Ys : 
C d (C[ar]) JV is the constant map ts •->• (1, . . . , 1). The generation map F : C° — > (C[x]) N 
is the map (pt) i— > (1,...,1). The map / : C d — > (pt) has the property required in the 
theorem. 

Now assume that the theorem is proved for the sequence J = (ji, ■ ■ ■ ,j m -i)- We have the 
maps 

Y j . cm -i ^ (C[ X ]) N , c^(yi(x,c),..., y N (x, c)), 
Y J : C m -> (C[x]) N , (c,c m ) >-> (yi(x,c),...,y jmt0 (x,c) + c m y jm (x,c), . . . ,y N (x,c)), 

see formulas (13.61) . (13.121) . Recall that yj mt o is the monic polynomial in x satisfying the 
equation 

(6-22) Wr a .(2/ im ,y imi o) = const y jm ^y jm+ i 

and such that the coefficient of x AegVim in y Jm ,Q equals zero, see Section [37^1 

We also have the mKdV tuples S = (Si, . . . , Sn), S^ m ' = (Si, . . . , Sj m , . . . , Sn) and the 
corresponding tuples of monic polynomials in x depending on parameters t s = (t 2 , . . . , £d+i), 
namely, 

(puFs^ts), ■ ■ .,a N Fs N (x,t s )), (aiF 5l (x,t s ), . . . , a jm F§ jm (x,ts), ■ ■ ■ , a N F SN (x,t s )). 
We know that 

(6-23) Wr x (F Sjm ,F § J = const F^Fs^. 
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We have the maps 

Y s : C d -> (C[x]) N , t s ^ ( ai F Sl (x,t s ), . • • , a^F 5jV (a;, t s )), 

Y S 0m) : C d -> (Cfrc])^, t s i-> (aiFs 1 (x,ts),---,ai m i% m (^^),---,a!^i ? 5 w (a;,*fl())- 



Urn) 



By induction assumptions we have a polynomial map / : C — > C' m such that Y s 
Y J of. 

From formulas (|6.22p . (16. 23 p . it is clear that there exists a unique scalar polynomial fj m (ts) 
such that 

®j m Fs Jm (x,t s ) = y jm ,o(x, f(y s )) + f jm (ts)a jm Fg ]m (x,ts). 

Then the map / : C d — > C m ,ys >-> (f{ys), fjmi^s)) has the required property The theorem 
is proved. □ 

6.10. mKdV tuples and differential operators. Let S be a KdV subset with the leading 
term A = {a\ < ■ ■ ■ < a^}. Recall the mutations S[a], a G A. These are KdV subsets defined 
in fTlJ). 

For a permutation o G T, N consider the mKdV tuple Ss, a = (Si, . . . ,Sn). Recall that 
Sn = S. Consider the corresponding tuple of the Schur polynomials (Fg 1 (x, t) , . . . , F Sn (x,t)) 
and the differential operator 



(6.24) 



V s =[ — - log' (I^X)) (± _ ^ ( F sM\\ f±_ bg/ (F Sl (x, t) 



dx yFsj^^XitfJJydx \F SN _ 2 (x,t)JJ" ' \dx \F SN (x,t) 

with respect to x. Here ()' denotes the derivative with respect to x. The differential operator 
depends on t as a parameter. 

Theorem 6.33. The differential operator T>s does not depend on the permutation o G S^v- 
For every fixed t, the rational functions Fs[ a }{x,t)/F s (x,t), a G A, form a basis of the kernel 
of V s . 

Proof. The first statement of the theorem is a direct corollary of Lemma 5.2 in |MVlj . 
Theorem 5.3 in [MVlj and Lemma [6.261 in Section I6T71 The second statement follows from 
Lemma 5.6 in jMVl] . □ 

Example. For N = 3, consider the KdV subset 5' = {-l<0<l<2<...} with 
leading term A = { — 1<0<4}. Consider the mKdV triple Ss, a — (Si,S 2 ,S 3 ) with 
(cr(l), a(2), cr(3)) = (2, 3, 1). Here Si = {-2 < < 1 < 3 < . . . }, S 2 = {-1 < 1 < 2 < . . . }, 
S 3 = {-1 < < 1 < 2 < . . . }. We have S[-l] = {-3 < < 1 < 3 < . . . }, S[0] = {-2 < 
< 1 < 3 < . . . }, S[A] = {0 < 1 < . . . }. Then the functions F s[a] /F s , a G { — 1 < < 4}, 
form a basis of the kernel of the differential operator 

(,25) V S = (' - log < (± - log ' (&)) (± - * (** 



dx \ Fs 2 J J \dx \ Fg 1 J J \dx \ Fg 3 
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6.11. Identities for Schur functions. In Section [6] we proved identities relating the Schur 
polynomials and its derivatives with respect to t ly see formula (|6.8|) . Theorem 16.33} Section 
16.41 By formula (16. 6ft . the derivatives of a Schur polynomial can be expressed as a linear 
combination with integer coefficients of Schur polynomials. Thus, each of those identities 
can be written as a polynomial relation with integer coefficients for Schur functions. Since 
the Schur polynomials are the characters of representations of the general linear group, each 
of such identities can be interpreted as an isomorphism of two representations. 

For example, we have Wt^F^i), i*(o)) = F^F^ by formula (16.61) . This identity can be 
written as 

F(2) + F(i,i) = F(i)F(l), 

by formula (I6.6P and can be interpreted as the statement that the tensor square of the 
representation with highest weight (1) is the direct sum of two representations with highest 
weights (2) and (1,1). 

6.12. Mutations of mKdV tuples and the affine Weyl group Wa n _x- The affine Weyl 
group Wa x is generated by elements w\,wi subject to the relations w\ = w\ = 1. 

For N > 2, the affine Weyl group Wa n _ 1 is generated by elements w%,...,w^f. We 
consider the indices of the generators modulo N, in particular, w := wjy and wjy + i := w\. 
The relations are wf = 1, WiW i+ iWi = w i+ iWiW i+ i for all i and WiWj = WjWi otherwise. 

For N > 1, denote S m Kdv the set of all mKdV iV-tuples. In Section I6TT1 we defined the 
mutation maps Wi : S m Kdv SmKdv for i — 1, . . . , N. 

Theorem 6.34. The mutation maps define a transitive action of the Weyl group Wa n ^ on 
the set S m Kdv- D 

7. Tau-functions and CRITICAL POINTS 
7.1. Subspaces of H . For a Laurent polynomial 

(7.1) v = Y^Viz\ 

i 

the number ord v = min{i : v j 0} will be called the order of v. 

Following |SWj . let H be the Hilbert space L 2 (S' 1 ) with natural orthonormal basis {z^}j e z- 
Let H + be the closure of the span of {V}j>o and H_ the closure of the span of {V}j<o- We 
have the orthogonal decomposition H = H + © H . 

Denote Gtq(H) the set of all closed subspaces W C H such that 

(7.2) z q H + C^C z- q H + 

for some q > 0. Such subspaces can be identified with subspaces W/z q H + of z~ q H + / z q H + . 
Let p + : W/z q H + — > H + /z q H + be the orthogonal projection. We say that W is of vir- 
tual dimension zero if dim(kerp + ) = dim(cokerp + ), in other words if dimW/z q H + = 
dim H + / z q H + = q. Denote Gr 0j0 (if) the set of all subspaces of virtual dimension zero. 

A subspace W G Gt (H) has a basis {vj}j^o consisting of Laurent polynomials. We may 
assume that the numbers Sj = ord Vj form a strictly increasing sequence Sw = {so < Si < 
s 2 < • • • } and Vj are just monomials for sufficiently large j. The assignment W Sw is 
well-defined. The subset Sw will be called the order subset of W. 
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Lemma 7.1. A subspace W G Gr (H) lies in Gr 00 (H) if and only if the order subset Sw is 
of virtual cardinal zero, that is Sj = j for sufficiently large j . □ 

Lemma 7.2. If the order subset ofW G Gr (H) is S® = {0 < 1 < . . . }, then W = H+. □ 

For W G Gro > o(-ff) we may assume that Vj = for sufficiently large j. We say that a basis 
{vj}j^o of W G Gro t o(H) is special if it consists of Laurent polynomials such that Vj = z^ for 
sufficiently large j and the numbers Sj = ord Vj form a strictly increasing sequence. 

7.2. Subspaces in Gr 0>0 (H) and subspaces in C[x]. Let W G Gr Q)0 (if). Let S = {s < 
si < . . . } be the order subset of W. Let A = (Aq ^ Ai ^ . . . ) with Xj = j — Sj be the 
corresponding partition. Let n be such that Sj = j for j > n and hence Aj = for j > n. 
Let {vj = Ylii^sj v j,i zl }j^o b e a special basis of W such that Vj = z^ for j > n and Vj ti = if 
i > n and j ^ n. 

Introduce the n + 1-dimensional subspace Vw, n C C[x] as the subspace spanned by the 
polynomials fj >n (x),j — 0, . . . , n, given by the formula 

(7-3) fj,n( X ) = V h n ~ i ~\ ' j = ' • • • ' U - 

We have deg fj = Xj + n — j for all j. The relation between Vw, n and Vw, n +i is given by the 
formula 

(7.4) fj, n +i(x) = / fj, n (u)du for j = 0,...,n, and / n+ i jn+ i(x) = 1. 

In other words, Vw, n +i = / Vw tn dx. 

Conversely, let A = (A ^ A 2 ^ . . . ) be a partition and S = {s < si < . . . }, with 
Sj = Xj — j, the corresponding subset of virtual cardinal zero. Let n be such that Xj = for 
j > n. Denote Gr(A,n, C[x]) the variety of all n + 1-dimensional subspaces V C C[x] such 
that V has a basis consisting of polynomials fj,j = 0,...,n, with deg fj = Xj + n — j . 

Denote P = {Ao + n, Ai + n — 1, . . . , A n }. Every V G Gr(A, n, C[x]) has a unique basis 

*j +"■-■?' i 

(7.5) fj(x)= Y u i,n-i"T» J = 0, 

i=o z " 

where fj,n-i are some numbers such that Vjj-\ J = 1 and fj>-i = if n — i G P — {Aj+n— j}. 
The variety Gr(A, n, C[x]) is an affine space of dimension |A| with coordinates {fj jn _j}. The 
basis of V G Gr(A, n, C[x]) given by ( I7.5P will be called special. 

To every V G Gr(A, n, C[x]) we assign Wy G Gr ,o(-P) with the basis {v j}j^o, where 

(7.6) Vj = Y v j,i z \ for J = 0, • • • , n, 

i 

Vj = z^ for j > n. 

Lemma 7.3. If W is as above, then Wy Wn = W. If V G Gr(X,n,C[x]), then the order set 
of Wy is S = {s < si < . . . } with Sj = j — Xj and Vw v ,n = V . □ 
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Let C|a|[x] be the affine space of monic polynomials of degree |A|. It has dimension |A| 
Define the Wronsky map 



(7.7) 



Wr A : Gr(A,ra,C[ac]) -»• C w [x], 



n 



n (Xj -Xi + i-j) 



Wr(/„,...,/ n ) 



where fo, ■ ■ ■ , f n is the special basis of V. It is well-known that Wi\ is a map of finite 
degree d\, which is calculated in terms of Schubert calculus or representation theory, see for 
example, |MTV3j . [S]. 



7.3. Tau-functions. For a subspace W G Gr ,o(-£0 with a special basis {vj}j^o such that 



z 3 for j > n, we define the tau-function by the formula 



(71 



Tw(ti,t) = det 



see |SWj . c.f. ( 17. II) . The tau-function is a polynomial in a finite number of variables ti,t. 
For example, th + = 1. 

The tau-function is independent of the choice of n and the choice of a special basis up to 
multiplication of the tau-function by a nonzero number. 

Example. Let S = {so < si < . . . } C Z be a subset of virtual cardinal zero. Let Ws be the 
subspace with basis {z Si }i>o- Then the tau-function tw s of Ms equals the Schur polynomial 
F s . 



Lemma 7.4. We have 



(7.9) 



Lemma 7.5. Le£ 6e as in Lemma \TJ\ Let the polynomials fo, ■ ■ 
(173]) . T/ien 

(7.10) r w (ti =x,t = Q) = Wr(/ (-x), . . . , /„(-x)). 

Proof. The lemma follows from Lemma 17.41 and formula (16. ip . 



□ 



/„ be given by formula 



□ 



Theorem 7.6. Let X be a partition, S the corresponding set of virtual cardinal zero, g(x) 
a polynomial of degree \X\. Then the set of subspaces W G Gro,o(H) such that 
T witi = x,t = 0) = g(x) is finite. The number of such subspaces (counted with multi- 
plicities) equals d\. □ 



34 



A. VARCHENKO AND D.WRIGHT 



7.4. Properties of tau-functions. Let S = {s < si <...}, S' = {s' Q < s[ < . . . } be 
subsets of Z of virtual cardinal zero. We say that S ^ S' if Sj ^ s'j for all j. Let A, A' be 
the partitions corresponding to S, S', respectively. If S ^ S' and S ^ S', then |A| > |A'|. 

Lemma 7.7. Let a subspace W G Gr 0>0 (H) have order set S = {s < s x < . . . }. T/ien 

(7.11) T]V w s>F s >, 

S'^S 

where the sum is over the subsets S' of virtual cardinal zero such that S ^ 5", Fg> is the 
Schur polynomial associated with S' , ws> is a suitable number, and ws ^ 0. □ 

Corollary 7.8. We have 

(7.12) Tjy = at^ + (low order terms in ti), 
where a is a nonzero number independent oft\,t. 

We define the normalized tau-function by the formula fw = const t w where the const is 
chosen so that 

(7.13) fw = 4 A ' + (l° w order terms in ti). 

Let S be a subset of virtual cardinal zero. Let A = {a±, . . . , a^} C Z be a finite subset of 
distinct integers. Assume that {a 1; . . . , a k } PI (S + k) — 0. Let W G Gr 0) o(-ff) be a subspace 
whose order subset is S. Let t> 1; . . . ,t> fc be Laurent polynomials such that ord Vi = ai for 
i = 1, . . . , k. 

Lemma 7.9. The subspace z k W + span(t>i, . . . , v/-) is an element of Gto^H) and 
{a±, . . . , a k } U (S + k) is its order subset. □ 

Let S be a subset of virtual cardinal zero. Assume that the two element subset A = {a\ < 
a 2 } C Z is such that An (S + 1) =0. Let W G Gr 00 (i?) be a subspace whose order subset is 
S. Let t>i,t>2 be Laurent polynomials such that ord = cij for i = 1,2. Then the subspaces 
W 7 ! = + span{vi), W 2 = zW + span{v 2 ) W 3 = W, W 4 = + span(zvi, zv 2 ) are 

elements of Gr 0i o(-ff), by Lemma [7.91 

Theorem 7.10. VFe /iave 

(7.14) Wr tl (r Wl ,r W2 ) = const t W3 t W4 , 
where const is a nonzero number independent of tx,t. 

Proof. The proof follows from Lemma 16.41 and is similar to the proof of Theorem 16.101 □ 
Notice that Theorem 16.101 is a particular case of Theorem 17.101 

Similarly to Section l6~!4"l one can obtain more general Wronskian identities for tau-functions 
from Lemmas 16.111 and 16.121 

Lemma 7.11. Let Wi,W 2 G Gr 0) o(-£0 and z k W\ C W 2 for some positive integer k. Then 
dimW 2 /z k W 1 = k. 

Proof. Since z k W\ C W 2 , the order set Sw 2 contains the order set S z k Wl . Since Wi,W 2 G 
Gr 0j0 (i?) the difference Sw 2 ~ S z k Wl consists of k elements. This proves the lemma. □ 
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7.5. KdV subspaces. Fix an integer N > 1. We say that a subspace W G Gt 0)0 (H) is a 
KdV subspace if z N W C W 7 . For example, for any iV the subspace H + is a KdV subspace. 

Lemma 7.12. Let W be a KdV subspace with order subset S. Then S is a KdV subset. □ 

Let S be a KdV subset with leading term A. Recall the mutation KdV subsets S[a] = 
{a + 1 — N} U (5 + 1), o e A 

Lemma 7.13. Let W\ be a KdV subspace. Let Sw l be the order subset of W\ and A\ 
the leading term of Swi- Let a G A\ and let w G W\ be such that ord w = a. Then W2 = 
zWi+span{z 1 ~ N w) is a KdV subspace with leading term SVi [0] and such that zW\ C Wi- D 

Lemma 7.14. Let Wi,Wi be KdV subspaces such that zW\ C Wi- Let Swi be the order 
subset of W\ and A\ the leading term of Sw 1 . Then the order subset Sw 2 is a mutation 
of Swu that is Sw 2 — SViH f or some a G A. Moreover there exists w G W\ such that 
ord w = a and W 2 = zWi+spa.ia{z 1 ~ N w) . □ 

7.6. mKdV tuples of subspaces. We say that an iV-tuple W = (W 1 , . . . , Wjy) of KdV 
subspaces is an mKdV tuple of subspaces if zWi C W i+ i for all i, in particular, zWn C W\. 
Denote Gr mKdV the set of all mKdV tuples of subspaces. 

For example, for any N 

W" = (H + ,...,H + ) 

is an mKdV tuple. 

Let W = (W U ...,W N ) G G 

*mKdv- Let {twx, ■ ■ ■ , t~w n ) be the tuple of the corresponding 
tau-functions. Define the Miura oper Cw = 9 + A + V by the formula 



(7.15) 



V = diag ( log' ( T ^ + t ^\) , i og ' ( Tw^ + h,t)\ ( t Wn (x + tl , t) 



Jw N (x + h,t)J ' \r Wl (x + tx,t)J \ r w N -i(x + h,t) 

This Miura oper depends on parameters t\,t. 

Example. Let S = (Si, . . . , Sjy) be an mKdV tuple of subsets. Then W = (Ws 1 , • • • , Ws N ) 
is an mKdV tuple of subspaces. For this W formula (I7.15P takes the form 

V - diag flog' (^ + tllt \) , W (j S >[ X + t ^) , . . . , log' ( Fs » ( ^ + 



F SN (x + t u t)J' \F Sl (x + ' V^_! {x + h,t) 



Theorem 7.15 ([W]). For any r G Z >0 , the Miura oper Cw satisfies the r-th mKdV equa- 
tion, see (12. 5p . 

7.7. Properties of mKdV tuples of subspaces. 
Lemma 7.16. If W = (Wi, . . . ,W N ) G G 

YmKdV! then for any i, (Wi, W i+ i, . . . , Wn, 
W l ,W 2 ,...,W i -i)eGv mKdV . □ 

Lemma 7.17. Let W = (Wi, . . . ,W^) G Gi m Kdv- L^ Si be the order subset of Wi and 
S = (Si, . . . , Sn)- Then S is an mKdV tuple of subsets. □ 
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Let W be a KdV subspace with order subset S. Let A = {a x < • • ■ < a N } be the leading 
term of S. Let v — (vi, . . . , vn) be a tuple of elements of W such that ord V{ = for all i. Let 
a be an element of the permutation group Ejv- Define an iV-tuple Ww,v,a = (Wi, . . . , Wn) 
of subspaces by the formula 

(7.16) Wi = {j- N v„ m ,j- N v am , z^v^} + z'W, 
in particular, Wn = z N W + span(vi, . . . , vn) = W. 

Lemma 7.18. The N -tuple Ww,v,a ^ s an rnKdV tuple of subspaces. Every mKdV tuple of 
subspaces is of the form Ww,v,v for suitable W,v,a. □ 

Here is another description of mKdV tuples of subspaces. 

Theorem 7.19. Let z N W = V C V x C V 2 C • • • C V N -i C V N = W be a complete flag of 
vector subspaces such that dim Vi/V^i = 1 for all i. Set 

(7.17) W i = z i - N V i , i = l,...,N. 

Then W = (W±, . . . , Wn-i, Wn = W) is an mKdV tuple of subspaces. Every mKdV tuple 
of subspaces is of this form. □ 

Let W be a KdV subspace. It follows from Theorem 17.191 that the set of mKdV tuples of 
subspaces with the prescribed last term Wn = W is identified with the set of complete flags 
in W/z N W. 

7.8. Generation of new mKdV tuples of subspaces. Let W = (Wi, . . . , Wn) £ Gr mKdV . 
By Theorem 17.191 the tuple W is determined by a flag z n Wn — V C V\ C V 2 C ■ ■ • C 
Vn-i C Wn- The quotient V2/V0 is two-dimensional. Any line Vi/Vq in V2/V0 determines 
a flag z n Wn = 14 C Vi C V 2 C ■•■ C Vn-i C H 7 ^ which in its turn determines an 
mKdV tuple W {1) = (W 1} W 2 , . . . , W N ) with W = z l - N V x . Thus we get a family of 
mKdV tuples of subspaces parameterized by points of the projective line P(T4/Vo). The 
new tuples are parametrized by points of the affine line A = PiVz/Vo) — {Vi/Vq}. We 
get a map : A — > GT m Kdv which sends a G A to the corresponding mKdV tuple 

W {l \a) = (Wi(a),W 2 ,...,W N ). This map will be called the generation of mKdV tuples 
from the tuple W in the first direction. 

Similarly, for any i = 1,...,N, we construct a map : A — > Gr m KdVi where A = 
P(Vi + i/V,-i) — {Vi/Vi-i} which sends a G A to the corresponding mKdV tuple W^\a) = 
(Wi, . . . , Wi(a), . . . , Wn). This map will be called the generation of mKdV tuples of subspaces 
from the tuple W in the i-th direction. 

We will say that the generation in the i-th direction is degree increasing if for any a G A, 
we have deg tl r wW(a) > deg tl t w . 

The tau-function t^_^ depends on a linearly in the following sense. Let {t>i}oi be a 
basis of Vi-i. Let vq G Vi be such that {fj}j>o is a basis of Vi. Let vq G Vi + \ be such 
that {vo, vq, Vi, t> 2 , . . . } is a basis of Vi+\. Then the points of A = P(\^+i/^-i) — {Vi/Vi-i} 
are parametrized by complex numbers c. A number c corresponds to the line generated 
by the subspace Vi(c) with basis {vq + cvq, V\, v 2 ■ ■ ■ }■ This c is an affine coordinate on A. 



CRITICAL POINTS OF MASTER FUNCTIONS AND INTEGRABLE HIERARCHIES 37 

Calculating the tau-function of the subspace Wi(c) = z l ~ N Vi(c) with respect to the basis 
{z l ~ N (vo + cvo), z l ~ N vi, z l ~ N V2 . . . } we get the formula 

( 7 - 18 ) T Wi{c) = t wm +ct w% - 

Theorem 7.20. For the generation in the i-th direction, the tau-functions of the subspaces 
Wi(c),Wi,Wi-i,Wi + i satisfy the equation 

(7.19) Wr tl {r Wi ,r w . {c) ) = const t Wi _ x t Wi+ ^ 

where const is a number independent ofti,t. 

Proof. The proof follows from Lemma 16.41 and is similar to the proofs of Theorems 16.101 and 
17301 □ 

Corollary 7.21. For any mKdV tuple XV = (W%, . . . , Wjy) and any fixed t, the tuple 
(rw 1 (x,t), . . . ,Tw N {x,t)) of polynomials in x is fertile. □ 

7.9. Normalized generation. If the generation in the i-th direction is degree increasing, 
then the generation procedure can be normalized as follows. 

Lemma 7.22. Assume that the generation in the i-th direction is degree increasing. Then 
there exists a unique line Vi,o/Vi-i G V i+ i/Vi_i such that the subspace W^q = z l ~ N Vi t o has 
the following property. Consider the polynomial f^. (t\,t = 0) in t\. Then the monomial 

t l gtl fWl enters this polynomial with the zero coefficient. □ 

Now choose a basis of Vi-\. Choose vq G Vi such that {t>i}^o is a basis of Vi 

and the tau-function of Wi with respect to the basis {z l ~ N v «}j^o is the normalized tau- 
function fwi- Choose vq G K+i suc h that {vo,Vi}i^i is a basis of K,o and the tau-function of 
Wfi = z' l ~ N Vifi with respect to the basis {z z ~ N vo, z l ~ N Vi}^i is the normalized tau-function 
fyy . Then we will parametrize the points of A = P(l^ +1 /Vi_i) — {Vi/Vi-i} by complex 

numbers c, where a number c will correspond to the line generated by the subspace Vi(c) with 
basis {v + cv ,vi,v 2 . . .}. Calculating the tau-function of the subspace Wi(c) = z l ~ N Vi(c) 
with respect to the basis {z l ~ N (v + cv ), z l ~ N Vi, z l ~ N v 2 . . . } we get the formula 

(7-20) f w . {c) = f w . Q + cf Wi . 

We get a map 

(7.21) X« : C -> Gv mKdV , c i y W«(c) = (W U ..., W(c), W N ). 

The map is independent of the choice of vectors vo,vo and the basis This map 

will be called the normalized generation in the i-th direction. 

7.10. Multistep normalized generation in Gr m Kdv- Let J = (ji,...,j m ) be a degree 
increasing sequence of integers. Starting from the mKdV tuple W® = (H + , . . . , H + ) and J, 
we will construct by induction on m a map 

X J : C m — > Gr m ^y. 
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If J = 0, the map X is the map C° = (pi) h- >■ If m = 1 and J = (ji), the map 

X^ : C — > GimKdv is given by formula (17.2 ip for W = W® and i — j\. In this case 
equations (17. 19ft and ( I7.20p take the form 

Wr tl (l,r^ l(c) ) = const, and %. (c) = h + c. 

Assume that for J = (j 1 , . . . ,j m -i), the map X 3 is constructed. To obtain X J we apply the 
normalized generation procedure in the j m -th direction to every tuple of the image of X J . 
More precisely, if 

(7.22) X 3 : 5=(c 1 ,...,c m _ 1 ) i y (W 1 (c),...,W N (c)). 
Then 

(7.23) X J : C m i y Gr mKdV , (d, c m ) ^ (W^c), . . . , W jm (c, c m ), . . . , W N (c)), 

where Wj m (c, c m ) is constructed as in Section [7T9l The map X J will be called the normalized 
generation from W® in the J-th direction. 
It follows from the construction, that 

(7.24) Wr tl (f W r^ ( g(*i,t),f lSrjm(g)Cm) = const f Wjm _ l( c)(ti,t)f Wjm+l(£) (ti,t), 
where const is a nonzero integer depending on J only, and 

( 7 - 25 ) ^fe)^!. *) = ^- ro (0,^=0) *) + <W?W im (g)(*l, t)). 

For any (c, c m ) G C m , consider the tuple 

( 7 - 26 ) 0) • • • >%i(S,c m ) (*!>*)> ' ' -)^Ww(c)(*l>*)) 

of the normalized tau-functions of the tuple 

(7.27) X J (g, c m ) = (W l (c), . . . , W jm (c, c m ), . . . , W N (c)) e Gr (H). 

Then each of the functions in (I7.26P is a monic polynomial in t\ and the degree vector of 
this tuple of polynomials in t\ equals k J , see ( I3.10p . 

7.11. Relations with the generation of critical points. In Section I3T61 for any degree 
increasing sequence of integers J = (ji, ■ ■ ■ ,j m ) we constructed a map 

(7.28) Y J : C m -> (C[x]f, c ^ ( Vl (x, c), . . . , y N (x, c)), 

called the generation of X-tuples from in the J-th direction. In Section 17.101 for any 
degree increasing sequence of integers J we constructed a map 

X J : C m -> Gr mW , c H- (Wi(c), . . . , W N (c)), 

called the normalized generation from W® in the J-th direction. Introduce a map 

(7.29) f:Gx mKdV -> (C[MD* (Wi,...,Wat) ^ (f^ti,*), . . . , f WN (t u i)), 

which assigns the tuple of nomalized tau-functions to an mKdV tuple of subspaces. We get 
the composed map 

(7.30) foY J :£ m ^ (C[h, t)]) N , c H« (f Wl{c) (h, t),..., fw N{c) (h,t)). 
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Lemma 7.23. For any c G C m , we have 

(7.31) Y J (c) = (f Wl{c) (t 1 = x,t = 0),...,f WN{c) {t 1 = x,t = 0)). 

□ 

Lemma 17.231 says that if a tuple (yi(x), . . . ,ijn(x)) represents a critical point which was 
generated from by a degree increasing generation, then there exists an mKdV tuple 
(Wi, . . . , Wn) such that {y\{x), . . . , y^{x)) equals the right hand side in (17.31 p . 

The polynomials in the image of foY J depend all together only on a finitely many variables 
in t = fa, £3, • • • )• Denote them by tj = (£2, £3, • • • , td+i)- Then we get a map 

(7.32) T J : C m+d (C[x]) N , (c,tj) ^ (f Wl(c) (x, tj), . . . , t Wn(c) (x, tj)). 

Theorem 7.24. The map T J can be induced from the map Y J by a suitable epimorphic 
polynomial map f : C m+d — > C m , that is T J = Y J o /. 

Proof. The proof is by induction on m and follows from comparing equations (13.31) and (I7.24p . 
c.f. the proof of Theorem D 

Recall the family of Miura opers /i J : C m — > M, c 1— > fi(Y J (c)), assigned to the map Y J 
in Section 14.31 In Section |5] we proved that the family [i J is invariant with respect to all 
mKdV flows, see Corollary 15.21 Theorems 17. 151 and 17.241 clearly give a new proof of this fact. 

7.12. Transitivity of the generation procedure. 

Theorem 7.25. Let W G Gr m Kdv be an mKdV tuple of subspaces. Then there exists a 
degree increasing sequence J = (ji, . . . , j m ) and a point c G C m such that W = X J (c). 

Proof. Let W = (W\, . . . , Wn). Let S = (Si, . . . , Sn) be the tuple of the corresponding 
order subsets. The tuple S is an mKdV tuple of subsets by Lemma 17.171 By Theorem 16.271 
there exists j G {1, . . . , iV} such that the mutation Wj : S — >■ S^' = (Si, . . . , Sj, . . . , Sn) is 
degree decreasing. Let us consider the generation 

X® : A -> Gv mKdV , a ^ (W 1: . . . , Wj(a), . . . , W N ), 

from W in the j-th direction. By Corollary 17.81 and Theorem 17.201 there exists a unique 
a G A such that deg ti t^.( c ) < deg tl r^.. It is clear that the generation from X^\a) in the 

j-th direction is degree increasing. If the tuple X^\a) is not W®, then we may apply the 
same reason to X^\a) and decrease the ti-degree of another coordinate tau-function. After 
finitely many steps of this procedure we will obtain W®. The theorem is proved. □ 
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